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SEMI-CONTINUITY OF STABILITY FOR SHEAVES AND 
VARIATION OF GIESEKER MODULI SPACES 

DANIEL GREB, JULIUS ROSS, AND MATEI TOMA 


Abstract. We investigate a semi-continuity property for stability conditions for sheaves 
that is important for the problem of variation of the moduli spaces as the stability condition 
changes. We place this in the context of a notion of stability previously considered by 
the authors, called multi-Gieseker-stability, that generalises the classical notion of Gieseker- 
stability to allow for several polarisations. As such we are able to prove that on smooth 
threefolds certain moduli spaces of Gieseker-stable sheaves are related by a finite number 
of Thaddeus-flips (that is flips arising for Variation of Geometric Invariant Theory) whose 
intermediate spaces are themselves moduli spaces of sheaves. 
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Introduction 

The construction of moduli spaces of sheaves usually requires a choice of a stability con¬ 
dition, and in most cases different choices yield different spaces. The purpose of this paper 
is to investigate a “semi-continuity” property for such stability conditions which, as we shall 
see, plays an important role in the variation of these moduli spaces. 

To begin the discussion, we somewhat vaguely denote a choice of stability condition by 
a which is allowed to vary in some space E. The best-known examples are slope-stability 
and Gieseker-stability, in which case a is a choice of (rational) ample line bundle and so E is 
the ample cone of the base. More interesting examples arise from the stability conditions of 
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Joyce [JII], that include the (twisted) multi-Gieseker stability previously considered by the 
authors [G ]. 

To discuss the variation problem, consider a path a(t) £ £ for t £ [0,1] that has a single 
“critical value” at the point t = t. By this we mean that stability is unchanged as t varies 
within either the interval [0 ,t) or the interval (f, 1]. Thus we are left with three moduli spaces 
that we denote by Xi a (o)^ an d and we wish to understand how these are related. 

In the best possible case, there would exist a diagram of the form 

-'^cr(O) 1) 



where the morphisms are induced from functorial properties of these spaces. For this to be 
possible in higher dimension, we immediately face two problems: 

(1) (Existence of Moduli at Critical Values) We need that the moduli space M a (t) exists; 
that is we need to be able to construct the moduli spaces for critical values in £. 

(2) (Semicontinuity) Assuming (1) holds, the existence of a diagram of the form (*) re¬ 
quires that every sheaf that is semistable with respect to cr(0) (resp. <r(l)) must also 
be semistable for a(t). 

The existence of the moduli spaces at critical values can be problematic (on manifolds of 
dimension at least 3) for both slope-stability and Gieseker-stability, as the critical point in the 
ample cone at which stability changes may be irrational (see the discussion in [ ]). Fur¬ 

thermore semi-continuity will generally fail for stability conditions derived from a polynomial 
inequality (such as Gieseker-stability, see Remark 2.5)) that are natural from the viewpoint of 
algebraic geometry. We will explain towards the end of the introduction why a naive approach 
based on the theory of Variation of GIT as developed in [ ha96] and [ )H98] fails to solve 
these problems. 

In this paper we study a notion of stability for sheaves which is restrictive enough to be 
able to produce moduli spaces at critical values (that are even projective) yet flexible enough 
to ensure that one can (conjecturally) always arrange so this semi-continuity holds. As will be 
discussed presently, we prove this conjecture in some particular cases, yielding an application 
to the variation problem for the moduli spaces of Gieseker stable sheaves. 

Twisted Multi-Gieseker-stability. In previous work of the authors [ ] we introduce 

a notion of “multi-Gieseker stability” that extends the usual notion of Gieseker-stability of 
sheaves to the case of several polarisations, allowing us to study the variation problem in this 
context. For the purpose of this paper we require a slight generalisation that permits a fixed 
twisting of the Hilbert polynomials involved. To define this precisely, suppose that L \,..., Lj 0 
are fixed ample line bundles on a smooth projective manifold X and that Si,..., Bj 0 are a 
further collection of fixed line bundles. Given a i,... ,crj 0 £ M>o, not all zero, we shall say 
a torsion-free coherent sheaf E on X is semistable with respect to this data if for all proper 
subsheaves E' C E the inequality 

E j °jX{E' X Lj <g> Bj) < >V rr, \ ( E <g> L k - 0 Bj) 
rank (S') — rank (A) 

holds for all k sufficiently large. We refer to a = (cri,..., cr J0 ) as a stability parameter which 
we say is bounded if the set of semistable sheaves of a given topological type is bounded. 
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This definition generalises that of [ RT] in which all the Bj were taken to be trivial, and 
introduces no new difficulties so all the results from [ ] extend to this setting (see Section 

1 for further discussion). In particular, semistable sheaves have projective moduli: 

Theorem (Existence of projective moduli spaces of twisted semistable sheaves). Suppose a 
is a bounded stability parameter. Then, there exists a projective coarse moduli space A4 a of 
semistable sheaves of a given topological type. The moduli spaces M. a contain an open set 
parameterizing stable sheaves, and the points on the boundary correspond to S-equivalence 
classes of sheaves. 

A noteworthy aspect of this construction is that the critical values (or “walls”) in £ := 
(M>o)- , ° \ {0} that witness the change of stability are given by rational linear functions. Thus 
there is no loss in assuming that all the aj are rational, from which we conclude that the 
desired moduli spaces exist even at the critical values. 

Hence we turn our attention to semi-continuity. Fixing the Lj and Bj as above, we say 
that a function a{t) = (ai(t ),..., Gj 0 (t )) \ {0} for t E [0,1] is a stability segment if each 

c7j is linear and 

. vo\(Lj)aj(t) = 1 for all t E [0,1] 
where vol(Lj) := j x c\{Lj) d and d = dim A. 

Definition (Uniform stability). We say a stability segment (cr(f)) tg [ 0 ,i] is uniform if for any 
torsion-free sheaf E we have 

■ GiX{E®L k -®Bj) k d , i 

— - TTTW-= -T + a d - 1 (E)k d 1 H- \- ai(E)k + a 0 (E,t) for t E [0, 

rank [E) d\ 

where a d -i(E),... ,a\{E) are independent of t and ao(E,t) is linear in t. 


It is not hard to see that a uniform stability segment has the semi-continuity property 
(Remark 2.5). Roughly speaking then, the two main results of this paper say that uniform 
stability is (a) sufficiently strong to be able to control the variation of the moduli spaces as t 
varies and (b) sufficiently flexible so that such segments can actually be constructed. 

We discuss each of these in turn. For the first, by point of terminology, we say a stability 
segment (cr(t)) te [ 0 ,i] is bounded if the set of sheaves of a given topological type that are 
semistable with respect to aft) for some t E [0,1] is bounded. Throughout the paper by the 
topological type of a sheaf E we shall mean its homological Todd class tx(E) e B{X )q := 
B(X) <8>zQ> where B(X) is the group of cycles on X modulo algebraic equivalence, see [GRT, 
Def. 1.4]. 

Theorem. (Thaddeus-flips through moduli spaces of sheaves I, Theorem 2.6) Let X be smooth 
and projective, let t E B(X)q and (cr(t)) te [ 0; i] be a bounded uniform stability segment. Then 
given any t' < t" in (0, l) 1 the spaces and are connected by a finite collection 

of Thaddeus-flips of the form 







M 




^The assumption that t' and t" 
endpoints. 


lie in the open-interval (0,1) will be relaxed in a sequel to include the 
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Thus uniform stability segments connect moduli spaces by Thaddeus-flips through moduli 
spaces of sheaves. Having established this result we will turn to the problem of constructing 
uniform stability segments. We show that on surfaces and threefolds this is possible, allowing 
us to conclude the following: 

Theorem (Existence of Uniform Stability Segments, Theorems 6.1 and 7.1). Suppose X is 
smooth and projective, let r £ B(X)q, and L',L" £ Amp(X). Suppose also that either 

(1) X has dimension 2 or 

(2) X has dimension 3 and L', L" are separated by a single wall of the first kind. 

Then, the moduli spaces M. u and Xi L n of Gieseker-semistable torsion-free sheaves of topo¬ 
logical type t are related by a finite number of Thaddeus-flips through spaces of the form Xi ai 
for some bounded stability parameters ai. 

The conclusion of this theorem for surfaces is precisely that of Matsuki-Wentworth [ V97], 

and our real interest lies in higher dimensions. We refer the reader to Definition 7.5 for the 
precise definition of being “separated by a single wall of the first kind”, but we do not expect 
the hypotheses of this theorem to be optimal or particularly important. As will become 
apparent what we really discuss is a framework for producing uniform stability segments in 
general and we expect the following to be true: 

Conjecture. Any two bounded stability parameters a’ and a" can be joined by a bounded 
uniform stability segment, 

If true one would conclude that any two moduli spaces M. a t and M a " are related by 
Thaddeus-flips through other moduli spaces of sheaves (in particular this would hold for any 
two moduli spaces of Gieseker semistable sheaves taken with respect to different polarisations). 
It seems likely that the above conjecture can be solved using our framework, but the details 
become much more involved. 

Zooming. We briefly discuss the main idea used to construct uniform stability segments (see 
also Section 7.2 for a more detailed summary). Suppose that we have two bounded stability 
parameters a' and a" (taken with respect to the same line bundles Lj,Bj) and we wish to 
show that the moduli spaces Xi a ' and Xi a n are related by Thaddeus-flips through moduli 
spaces of sheaves. The natural thing to do is to consider the straight line segment (<7(i))te[o,i] 
of stability parameters that joins a' and a". If this segment were uniform, then we would be 
done by the discussion above, but in general this is not the case. Instead, there will be a finite 
number of rational “walls” that witness the change of multi-Gieseker-stability with respect to 
aft) as t varies in [0,1]. For simplicity, we assume these walls all lie in the interior (0,1). 

Now, the idea is to “zoom in” on a single one of these walls t, and try to find another 
stability segment (?7(s)) s e[o,i] for which the following holds: 

Let t— and t + be points in (0,1) immediately to the left and right of t. Then, for s > 0 
sufficient small we have M. a (t_) = Xi v ^ an( A = ■M. T) n_ s y 

Now, if r] were uniform, then by the discussion above (Theorem 2.6) we get that Xi a n_\ 
and Xi a ( t+ ) are related by Thaddeus-flips though moduli spaces of sheaves. Thus, by applying 
this idea across each of the finitely many walls t, we deduce the same holds for X4 a > and Xi a ". 

It seems unlikely that one can always construct such an r] that is uniform. However, for 
surfaces and threefolds at least, we can construct such a segment that is “closer” to being 
uniform than a was. Roughly speaking, by this we mean that more coefficients of the relevant 
reduced multi-Hilbert polynomials associated with r](s) are independent of s. We can then 
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apply the same argument, and zoom-in on the walls for i](s), and repeat this until eventually 
we are left with a chain of uniform stability segments, which join o' and o" . 

Comparison with a Naive Approach. The moduli spaces of Gieseker-semistable sheaves 
(and more generally twisted multi-Gieseker-semistable sheaves) are constructed using Geomet¬ 
ric Invariant Theory (GIT) and thus one may naively expect that the existence of diagrams 
of the form (*) follows trivially from the theory of Variation of GIT due to Thaddeus [Tha96] 
and Dolgachev-Hu [ ]. However there are a number of subtleties involved in making this 

true that are closely connected to the semi-continuity property discussed above. 

To discuss this further, consider first the case of the GIT construction of the moduli space of 
sheaves that are Gieseker-semistable with respect to an ample line bundle Lq . The first task is 
to find a space with a group action, whose orbits correspond to equivalence classes semistable 
sheaves. To this end one argues as follows: the set of sheaves E that are Gieseker-semistable 
with respect to To and of a given topological type is bounded, and thus for n sufficiently large 
can be considered as a quotient 

H°(E ® Lq) ® Lq n -A E -A 0. 

Picking an identification between H°(E <g> Lq ) and a fixed vector space of the appropriate 
dimension, we can thus think of E as a point in a certain Quot scheme Ql 0 - This space has a 
group action, coming from the different choices of this identification, and the tools of GIT are 
then applied to an appropriate subscheme Rl 0 C Ql 0 to get the desired moduli space M-l 0 - 
This requires a choice of ample polarisation on Rl 0 , and it is a theorem [ L10, Thm. 4.3.3] 
that, for n sufficiently large, there is a choice of polarisation on Rl 0 for which GIT stability 
agrees with Gieseker-stability. 

From this description it is clear that there is a problem in using Variation of GIT when Lq 
is replaced with some other ample line bundle L\. For the moduli space M.L\ is constructed as 
the quotient of a different space Rl 1 and not the space Rl 0 with respect to some polarisation. 
(It would be nice if one could also produce Mu as a quotient of Rl 0 with respect to some 
suitable polarisation, but it is not clear if this is in fact possible.) 

A slightly different issue occurs when considering sheaves that are (twisted) multi-Gieseker- 
stable. Here the ample line bundles Lj 0 and twistings Hi,..., Bj 0 are fixed, and the 

stability parameter o £ M J0 \ {0} is allowed to vary. In this context, the parameter space 
that replaces Rl 0 in the previous paragraph is a representation space of a certain quiver that 
depends on two integers m > n > 0. The subtlety now concerns the matching of stability in 
the sense of sheaves with stability in the sense of GIT. In [ ] we prove that for m 3> n 0 

these two notions agree for a fixed a. In this paper we extend this by showing that under the 
assumption that o varies within a uniform segement of stability parameters these integers can 
be chosen uniformly (thus justifying the terminology). As a conclusion we get the variation 
of stability in the sense of sheaf theory agrees with the variation of stability in the sense of 
GIT, and thus conclude that the moduli spaces are related by Thaddeus-flips through moduli 
spaces of sheaves. 

Gieseker-stability with respect to real ample classes. As a by-product of the material 
we develop to define what it means for a polarisation to be general, cf. Section 4, we can 
give a statement about the existence and projectivity of moduli spaces of sheaves that are 
Gieseker-semistable with respect certain real classes u £ Amp(A)jR. We refer the reader to 
Section 3 for definitions of the walls used in the following statement. 

Theorem (Projective moduli spaces for cu-semistable sheaves, Theorem 5.1). Let X be a 
smooth projective manifold of dimension d and r £ B(X) q. Suppose that K C Amp(T)i is 
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open and, relatively compact and that oo E Cone* (A) does not lie on any of the walls Wi y F for 
i > 2 and F E Sk- 

Then, there exists a projective moduli space A4 U , of torsion-free sheaves of topological type 
r that are Gieseker-semistable with respect to oo. This moduli space contains an open set 
consisting of points representing isomorphism classes of stable sheaves, while points on the 
boundary correspond to S-equivalence classes of strictly semistable sheaves. 

We emphasise that the novelty of the previous Theorem is that oo is allowed to be real, 
possibly irrational, and we recall that for threefolds we proved more [ , Theorem 11.6], 

namely that is projective for all oj E Amp(T)t. It would be interesting to know if this 
continues to hold for manifolds of any dimension. 

Acknowledgements. The authors wish to thank Arend Bayer for helpful conversations at 
a crucial stage of this project. We also thank Dominic Joyce, Jun Li, and Alexander Schmitt 
for discussions comparing this work to theirs. In addition, we wish to thank Ivan Smith for 
discussions, and also acknowledge inspiration drawn from a talk by Aaron Bertram given in 
January 2014 at Banff International Research Station [Berl4]. 

Part I. Uniformity 

We start by extending the discussion of [ ] in two directions, first to allow a twisting 

of the stability condition by a collection of fixed line bundles, and second to make our main 
results uniform as the stability parameter varies. 

1. Twisted multi-Gieseker-stability 

Let A be a projective manifold of dimension d. Suppose in addition to a vector L = 
(Li,..., Lj 0 ) of ample line bundles we fix a vector B = {B \,..., Bj 0 ) of line bundles on 
X. Given a collection ay,... ,aj 0 of non-negative real numbers, not all zero, we define the 
multi-Hilbert polynomial with respect to this data of a torsion-free sheaf E to be 

PgM = ^. VjX(E <g> VJ 1 ® Re¬ 
writing this polynomial as Pg(m) = Yli=o a i (Clf) we define the reduced multi-Hilbert 
polynomial as 

pa 

a r E 

We shall refer to either the data (L , B_,a\,, aj 0 ) or the vector (ay ,... ,a JO ) as a stability 
parameter. 

Definition 1.1 (Multi-Gieseker-stability). We say that a torsion-free sheaf E is multi-Gieseker- 
(semi)stable, or just (semi)stable, if for all proper subsheaves 0 / F C E we have 

Pf(<)Pe- (1-1) 

Just as in the case of Gieseker-stability, any semistable sheaf admits a Jordan-Holder fil¬ 
tration, whose graded object is denoted gr(E). We say two semistable sheaves E and E' are 
S-equivalent if gr(E ) and gr(E') are isomorphic. 

With these definitions at hand, all the results from [ ] extend to this twisted setting. 

More precisely, in this more general context the analogues of the Embedding Theorem, [ TIT, 
Theorem 5.6] (using the same quiver Q ), and of the main “Comparison of semistability and 
JH filtrations” result, [ RT, Theorem 8.1], hold. As a corollary of these results, there exist 
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projective moduli spaces parametrising 5-equivalence classes of c-semistable sheaves of fixed 
topological type r, which we will denote by M. a = M. a [r). 

We do not repeat the proofs in this twisted setting, as no new ideas are needed and the 
existing proofs go through with essentially trivial modifications (and moreover many parts 
will actually follow from the work in the next section). The main change is that we now define 

T ■= 0 L~ n © B- 1 © Lj m © Bj\ 

so the quiver representation associated with a sheaf E becomes 

Hom(T, E) := 0 H°(E © L? © B { ) © H°(E © LJ © Bj). 

This is an L © H algebra, where L is the algebra generated by the projection operators 
(precisely as in [ RT, Section 5.1.2]) and where we adjust the definition of H to be 

H := 0 Hij := 0 H°(X, Lr n © LJ © B~ l © Bj). 

To obtain the necessary regularity of the sheaves involved, we replace any instance of (r, Ir¬ 
regularity with (r, L, Sj-regularity, which we define as follows: 

Definition 1.2. We say a sheaf E is (r, L, B_)-regular if E © Bj is r-regular with respect to 
Lj for all j = 1,..., j 0 - 

The above idea extends to the case that each Bj is a formal sum of line bundles over M>o, 
i.e., where for every j = 1,..., jo, we have 

Bj = ^2 i=1 bjiBji, (1-2) 

where Bji is a line bundle, bji £ M>o, and, to avoid trivialities, such that for all j there is 
some i with bji ^ 0. Given such data it is clear there is a (natural) stability parameter which 
we denote by o = (L; Bi,..., Bj 0 ) with the property that for any sheaf E 

P E(k) = x;. X b EX(E © Lj © Bji). 

Explicitly, one may take (L: B i,..., Bj 0 ) to be 

(Li,..., Li,..., Lj 0 ,..., Lj 0 , B\ i ,, B iTv,..., Bj 0 i ,..., Bj 0 j\[ 1 &n, ■ • •, friiV) ■ ■ ■ > bj 0 1,..., bj 0 ]y). 

S -v-' "-V-' 

N times N times 

Thus, in terms of the notation of [ ] we have (L, ai,..., Uj 0 ) = (L; ffiOjCi • • •, <Jj o 0a')- 

Remark 1.3. This definition of “twisted” stability (for jo = 1) is precisely the same as that 
introduced by Matsuki-Wentworth [ ]. However, the point of view is altered slightly: 

whereas they wish to consider the stability formally as given by the Euler characteristic 
for a Q-twist, defined by the Riemann-Roch Theorem, we instead consider it as given by a 
weighted sum of Euler characteristics of twists by integral bundles. See also [Lie07, 2.3.4] for 
an interpretation of this twisted stability using twisted sheaves. 

Remark 1.4 (Riemann-Roch). We will frequently use the fact that such twisting does not 
affect the first non-trivial term of the reduced Hilbert polynomial. In detail, suppose X is 
smooth of dimension dim X = d, and given a = (L, , aj 0 ) define 

7 := X - ; <TjCi(L j ) d_1 G iVi(I), 




D. GREB, J. ROSS, AND M. TOMA 


(which we observe to be independent of B_). Then, using the Riemann-Roch theorem we have 
for any torsion-free sheaf E on X that 

ud t-d—l 

where 


A CT (£) = c i 


Ix c jXgh 

rank E 


+ C 2 


and C \, C 2 are the topological constants 

1 a j Jx c \( L jY 2 ZjrjfxCiiLj)* 


which are independent of E. In particular, precisely as in [ IT, Lemma 3.3] for any torsion- 
free coherent sheaf E the following implications hold: 

slope stable with respect to 7 stable with respect to a =7 semistable with respect to o =4> 

slope semistable with respect to 7 . 

Consequently, any boundedness result for a set of sheaves of a given topological type that are 
slope semistable with respect to 7 implies boundedness for the set of sheaves of this topological 
type that are semistable with respect to a. 


2. Uniformity 


Let X be a smooth variety of dimension d, fix L = (Li,..., Lj 0 ), where each Lj is ample, 
and let B \,..., Bj 0 be line bundles. Moreover, let r G B(X) q, and set 



We wish to consider the case of a segment of (twisted) stability parameters; that is for t G [0,1] 
let 


cr(t) = (L; ai(t)Bi, ..., a jo (t)B jo ). 


Definition 2.1 (Stability segment). We say that (<r(t))ie[o,i] is a stability segment if each 
aj : [ 0 , 1 ] —>• M>o is a linear function, and if 


vol (Lj)<jj(t) = 1 for all t G [0,1]. 


Remark 2.2. Observe that since < 7 /(•) is linear and non-negative, if t G (0,1) then Cj{t ) > 0 
for all j so a(t) is a “positive” stability parameter in the language of [ 1RT], Also observe 
that in this case for any torsion-free sheaf E the multiplicities are given by 

= <Jj(t)r&nk(E) vol (Lj) = rank(U), 

and so the multi-Hilbert polynomial and reduced-Hilbert polynomial are related by 


PeW 


pm ' 

rank(U) 


This is a polynomial in k whose coefficients are linear functions of t. 
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It will be convenient later to allow the variation in t to come from the twisting; so suppose 
Bj(t) = for j = 1, jo is a formal sum of line bundles Bji whose coefficients 

bji: [0,1] —> M>o depend linearly on t. Then, the condition that 

cr(f) = (Li,..., L jo \ B\(t),..., B jo (t)) 
is a stability segment becomes 

. rank (Bj(t)) vol (Lj) = 1 for all t £ [0,1], (2-1) 

where rank (Bj(t)) : = J2i d ji(t). 

Definition 2.3 (Uniform stability segment). We say that a stability segment (cr(t)) te [o,i] * s 
uniform if the reduced multi-Hilbert polynomial of any torsion-free sheaf E is of the form 

Pe = ~jf + a d-i{E)k d ~ 1 H-f ai(E)k + a 0 (E,t) for t £ [0,1] 

where a d -i(E),... ,a\(E) are independent of t and ao(E,t ) is linear in t. 

The importance of the uniformity hypothesis stems from the following simple statement: 

Lemma 2.4. Let (cr(t))[o.i] be a uniform stability segment, and let E' C E be torsion-free. 

(1) There is a k$ such that for all k > ko and all t £ [0,1] we have 

Pe [ t) ~ P^ */ and onl V Pe^ ( k ) ~ Pe' ] 
where ~ is any of < or < or > or >. 

(2) For fixed n,m the function t *->• P^ t \n)P^ t \rn) — F^ t \n)P < £? > {m) is linear in t. 

Proof. Using (2.2), we conclude the first statement directly from the uniformity hypothesis. 
For the second one, one observes that the same hypothesis implies the non-linear terms in t 
cancel. □ 

Remark 2.5. So, the crux of the above definition is that if E' C E is a proper subsheaf then 

PE^ik) - pfflik) = a d - 1 k d ~ l H-F a\k + d Q (t), (2.2) 

where only the constant term do(t) depends non-trivially on t. This will certainly not hold in 
general, but below we will give a number of (natural) examples for which it does. 

The property of being uniform gives semicontinuity of the chamber structure on [0,1] 
defined by the stability parameters cr(t). For suppose that a sheaf E is semistable with 
respect to a(t p ) for a sequence t p £ [0,1] that have a limit t as p tends to infinity. Then, 
without the uniformity assumption there is no reason to expect that E is semistable with 
respect to cr(t). To see this, observe that there could, in principle, be a subsheaf E' C E such 
that the difference of reduced multi-Hilbert polynomials is 

Pe' ] (*0 - Pe( k) = (t - t)k + 1 , 

in which case E' would destabilise E for t = t but not for any t <t. 

However, under the assumptions of uniformity and boundedness it will be the case that 
E is semistable with respect to <r(t). To see this observe that we clearly need only consider 
saturated subsheaves E' C E with p, a 'B(E > ) > (E) and these form a bounded family 

by Grothendieck’s Lemma. Thus there are only a finite number of topological types of such 
E' , and so we can find a ko so the conclusion of Lemma 2.4(1) holds for all such E'. Thus 
semistability of E with respect to aft) for t < t implies p^!\k 0 ) < p^fko) for all t < t, 
and thus by continuity pffi(ko) < p^ t \ko) as well. So applying the Lemma again we get 
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Pg, < p 7 ^ and since this holds for all these subsheaves we conclude E is semistable with 
respect to a(t) as well. 

We say that a stability segment (cr(i))* e [o,i] is bounded if the set of sheaves E of topological 
type r that are semistable with respect to a{t) for some t £ [0, 1] is bounded. Our goal is to 
prove the following: 

Theorem 2.6. (Thaddeus-Flips Through Moduli Space of Sheaves) Let X be smooth, pro¬ 
jective and t £ B(X) q. Suppose cr(Z:) te [o, 1 ] a bounded and uniform segment of stability 
parameters and let t' ,t" £ (0,1) 0 Q with t' < t". Then there exists a finite sequence of 
rational numbers t' = to < t\ < ... < tjv = t" so that for i = 0,... ,1V — 1 there exist 
Thaddeus-flips 

1 ) 

where t\ £ (U,L + 1 ). Thus, and are related by a finite number of Thaddeus-flips 

through spaces of moduli spaces of sheaves. 

Remark 2.7. There is a further generalisation that one can make by letting the aj themselves 
be polynomials in k (as considered, for instance, in [ ,'on09]). As far as the authors can see, 
this introduces no new difficulties and the existence and variation results we prove carry over. 
With this additional flexibility one can of course construct more stability segments, but it 
does not appear to be any easier to construct those that are uniform. 




2.1. Uniform Version of the Le Potier-Simpson Theorem. One of the main technical 
results of [GET] states if a is a given bounded stability parameter, then for m > n > p > 0 
a sheaf E (of a given topological type t) is semistable if and only if the corresponding module 
Hom(T, E) is semistable [GRT, Theorem 8.1]. We now enhance this result by showing that 
if (<r(f)) te [o j i] is a bounded and uniform segment of stability conditions then one can choose 
m,n,p uniformly over all t £ [ 0 , 1 ]. 

To simplify the discussion, we will say a sheaf E is semistable with respect to t £ [0,1] if it is 
semistable with respect to <r(t), and we let P f E and p f E denote the corresponding multi-Hilbert 
polynomial and reduced multi-Hilbert polynomial of E, respectively. By the boundedness 
hypothesis we may pick p such that any sheaf E of type t that is semistable with respect to 
some t £ [ 0 , 1 ] is (p,L,B_)- regular in the sense of Definition 1 . 2 . 


Theorem 2.8 (Uniform version of the Le Potier-Simpson Theorem). Let X be a smooth 
projective variety, and suppose (o"(t)) t€ [o,i] a bounded and uniform segment of stability 
parameters. Then, if n S> p, for any torsion-free sheaf E of topological type t and any 
t £ [ 0 , 1 ] the following are equivalent: 

(1) E is (semi)stable with respect to t. 

(2) E is (p, L, B)}-regular and for all proper E' C E we have 


Ei &j(t)h°(E' ® L] ® Bj ) 

rank(iP) 


(<)Pjs(n). 


(2.3) 


Moreover, if the saturation of E' in E is not (to, L, B_)-regular, then 


Ei <Jj(t)h°(E' ® L] ® Bfl 

rank(iP) 


<PeH ~ 1 - 


(2.4) 
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(3) E is (p,L,B)-regular and for all proper saturated E' C E with fi a ^\E') > jjE^(E) 
the inequality (2.3) holds. 

Moreover, if E is semistable of topological type t, and E' C E is a proper subsheaf, then 
equality holds in (2.3) if and only if E' is destabilising. 


Proof. This is essentially the same as the proof for a single stability parameter. Choose C and 
Ci, as in the proof of [ IT, Theorem 7.2], and then choose C 2 so that for any (p,L,B_)- regular 
sheaf E of type r and any t £ [0,1] we have 

C 2 > -fi^\E) + 1 (2.5) 


and such that additionally 


( 1 

\ rank(U )) 


{Ci + C) + 


rank(U) 


{-C 2 + C)< p, a ®(E) - 1 


( 2 . 6 ) 


holds for all t £ [0,1]. Then, let S be the set of all saturated subsheaves F C E where E is 
{PiLliM )-regular and ft Lj (F) > —C 2 for some 1 < j < jo. This set is bounded, and so for 
n^> p we can arrange the conditions (i)-(iv) from that proof to hold uniformly over t £ [0,1]. 
The condition (i) can be achieved by Lemma 2.4 since there are a finite number of different 
pp as F ranges over the bounded set S , and condition (iv) holds uniformly over t £ [0,1], 
since ( 2 . 6 ) implies the leading order term in the polynomial on the left hand side of (iv) is 
less than or equal to the leading term in the right hand side minus 1 ; thus, the inequality (iv) 
holds for all n sufficiently large. 

From this point on, the proof is the same as that of [GRT, Theorem 7.2], noting that if 
E is semistable and E' C E is a sheaf whose saturation is not (n,L,B _)-regular then it is 
necessarily not of type (B) and thus the stronger inequality (2.4) holds. □ 


Remark 2.9. As is clear from the proof of the (3) implies (1) direction, we actually have 
that with 71 as chosen above, if E is pure of dimension d of type r and (p,L,B_)- regular, and 
E' C E is saturated and (n,L,B_)- regular with 

Z j v j h°{E'<g>L*) 

— - 77 - -<PeH 

r E' 

then p a E , < p a E . 

2.2. Uniform Comparison of Semistability. We continue as above, so X is smooth and 
projective of dimension d and we fixed a class t £ B{X)q. 

Theorem 2.10 (Uniform comparison of semistability and JH filtrations). Let (c(£))te[o,i] be 
a bounded and uniform segment of stability parameters and let t',t" £ ( 0 , 1 ) D Q with t' < t". 
Then, for m S> n i$> p 0 and all t £ \t',t"] the following holds for any sheaf E on X of 
topological type t: 

(1) E is semistable with respect to cr(t) if and only if it is torsion free, (p, L, B_)-regular, 
and Hom(T, E) is semistable. 

(2) If E is semistable, then 

Hom(T, grE ) ~ gr Hom(T, E), 

where gr denotes the graded object coming from a Jordan-Holder filtration of E or 
Horn {T,E), respectively (taken with respect to cr(t)). In particular, two semistable 
sheaves E and E' are S-equivalent if and only if Hom(T, E) and Horn (T,E') are S- 
equivalent. 
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For the proof we first make explicit our choice of integers. First, we use boundedness to 
choose p large enough so that 

(Cl’) Any sheaf E of topological type t that is semistable with respect to some t G [0,1] is 
(p, L, B)-regular. 

Now, let c >2 be the set of saturated subsheaves E' C E where E is (p,L,B _)~regular of 
topological type r and (E r ) > jP^\E) for some t G [0,1]. Then, £2 is bounded by 
Lemma 3.1 below. So, we may let n be large enough so 

(C2’) (a) The conclusion of the Uniform Version of the Le Potier-Simpson Theorem (Theo¬ 
rem 2.8) holds and (b) any sheaf E' C £2 is (EiLliM)- regular. 

Now, as in [ , Section 4] , the interval [0,1] admits a finite chamber decomposition that 

witnesses the change of stability as t varies. In detail, this says there exists a finite sequence 
t' = to < t\ < ... < tfj = t" of rational numbers such that any if E is any (p, L , B)-regular 
sheaf and E' C E is in So, then p < p l E for some t G (U, U+i) implies that this holds for all 
t G (U, tj + 1 ). In particular, if E is semistable with respect to t G (tj, L+i), then it is semistable 
with respect to all t G (L,L+ 1 ), and thus by uniformity, Remark 2.5, we know that if this 
holds, then in fact E is semistable with respect to L and L+i as well. 

For each E' C E where E is (p, L, R)-regular of topological type r and E' G S 2 , consider 
the function 

f E '(t) = - P E {n)P E ,{m). 

By boundedness we may enlarge the set {to, • • •, tAr} and assume that for all such E' C E the 
following holds: 

if /e' ^ 0, then /^/(t) = 0 for some t G [: t',t"] implies t = L for some i. (2.7) 
We now choose m> n large enough so that 
(C3’) Each Lj n is (m,L,B)- regular. 

For the next condition we make a construction completely analogous to that of [ RT, 
Section 8]. Let E be any sheaf that is (n,L,B _)-regular and has topological type r. For each 
j let 

ej : H°(E 0 L] ® Bj) ® Lj n ® B~ l -A- E 
be the natural (surjective) evaluation maps. 

Definition 2.11. For an regular sheaf E and subspaces V- C H°(E ® L" ® Bj) let 

E'- and F) be the image and kernel of tj restricted to V-, so there is a short exact sequence 
0 —y Fj —^ Vj ® Lj n -A- Ej —> 0. Then, define a subsheaf of E by 

E sum := E sum (Vl, ...,V' 0 ):=E[ + --- + E' jo 

and let K = K(V\, ... , Vj 0 ) be the kernel of the surjection 0y E’- —> E sum . We let <Si be the 
bounded set of all sheaves E’-, F’-, E sum and K that arise in this way. 

By increasing m if necessary, we may assume the following. 

(C4’) All the sheaves in set 5i are (m,L,B_)- regular. 

Note the assumption (C2’)(a) implies the usual (non-uniform) Le Potier-Simpson Theorem 
holds [GRT, Theorem 7.2]. Since by (C2’)(b) any sheaf in S 2 is certainly (m,L,B_)- regular, we 
see that the conditions so far imply the (twisted versions of) conditions (C1)-(C4) from [ RT, 
Section 8] hold for each t G [t 1 , t"]. 

The analogue of condition (C5) is more subtle, for this we require the following: 


SEMI-CONTINUITY OF STABILITY FOR SHEAVES 


13 


(C5’) For each i. let t\ be a point in the interval |_i). Then, for any t G {Ufi'i} the twisted 
version of condition (C5) from [ RT, Section 8] holds. That is, if Pj{k) = x{B ® Bj © Bj), 
then for any integers Cj G {0,... ,Pj(n)} and sheaves E' G <Si U S-2 the polynomial relation 
~ Pg,Pg(n) is equivalent to the relation P^(m) ~ B t E ,(m)P t E (n), 

where ~ is any of < or < or =. 


We note that (C5’) is possible for the same reason that (C5) was possible, since we are only 
demanding that it hold for a finite number of stability parameters. Thus, we have that (the 
twisted versions of) conditions (Cl) though (C5) holds for all the a{tf) and cr(t'). In particular, 
the proof given in [ IT, Section 8] applies to establish the Comparison of Semistability and 
of JH filtrations, [CRT, Theorem 8.1], at these finite collection of points, giving the following: 

Theorem 2.12. The conclusion of Theorem 2.10 holds if t is contained in the finite set 
{tifi'f}. 

We next claim that by enlarging m if necessary, we may also assume the following holds 
for all t G [0,1]: 

(C6’) If t G [0,1] and E' C E with E ( p , L, H)-regular of topological type r and E' G <Si is 
such that 

aj(t)h°(E' ® L™ <g> Bj)rank(E) < P E (n)r&nk(E') -, (2.8) 

J IXlclXj VOlyJ-jj J 

then 

<Tj(t)h 0 (E' © L™ <g> Bj)P E (m) < P^(n)P|,(m) - 1. (2.9) 

To see this, observe that as <Si is bounded, the set of multi-Hilbert polynomials Pffi that 
arise for E' G 5i is finite. Now, (2.8) says that the corresponding inequality in the leading 
order coefficient in m (namely the coefficient of m d ) in (2.9) holds strictly (and by an amount 
bounded away from 0 for all t G [0,1]). So, as the coefficients of all the lower order terms are 
bounded over t G [0,1] for all such we conclude that (2.9) holds for all m 2> 0. 


Having made our choice of integers m,n,p we turn to some preliminary lemmas needed 
for our proof of the Uniform Comparison of Semistability. For a non-trivial H-module M = 
®y V) © Wj we set 

V f rT,(Udiml} 


ht(M) = 


j crjit) dim Wj 


for t G (0,1). 


Moreover, we recall the following technical definition from [ ]. 


Definition 2.13. Let M' = ® ; - V- © Wj and M" = ® ; - V" © W'■ be two submodules of a 
given H-module M. We say that M' is subordinate to M" if 


V- C V" and W" C W' for all j. (2.10) 

Lemma 2.14. Let E be a torsion-free sheaf of type r. Suppose t G (0,1) is such that 
E is semistable with respect a(t). Then, if M' is a submodule of M = Hom(T, E) with 
/if(M') = there exists an (n, L, Bf)-regular sheaf E' C E such that M' is subordinate 

to Hom(T, E'). 
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Proof. Write M' = ®jV- © Wj and E' = E sum (V{,..., V - 0 ). From [GRT, Proposition 8.13] 
we know that M' is subordinate to Hom(T, E'). So, the issue is to prove that E' is ( n,L,B _)- 
regular. To this end, we first claim that 


cjj(t)h 0 (E' 0 Lf © Bj)vank(E) > P|(n)rank(£' / )-. 

J J J max.,- vol(Lj) 


( 2 . 11 ) 


To see this, suppose for contradiction that in fact 


Y aAt)h°{E' 0 Lf 0 Bj)r&nk(E) < Pt(ri)iank(E') - ——. 

J iriaxj vol(Lj) 

By (C4’) we know E' is (m,L,B_)- regular, and so using condition (C 6 ’) we have 


Ht(Rom(T,E')) 


Ej Vj(t)h°(E' 0 L” 0 Bj) 


< P E W 
- P£,(m) 

^eH 


1 

^(M). 


On the other hand M' is subordinate to Hom(T, E 1 ), so certainly //t(Hom(T, £ ,/ )) > pt(M') = 
fit(M) which gives the desired contradiction. 

Thus, by the assumption that E is semistable and by part a) of (C2’) the “(1) implies (2)” 
direction of the Uniform Le Potier-Simpson Theorem (Theorem (2.8)) holds, so we know that 
the saturation F of E' is (n, L, R)-regular. So, it is sufficient to prove that E' is saturated. 

To this end, observe that if h°(E' 0 L” 0 Bj) = h°(F 0 L™ 0 Bj) for some j, then F = E' 
as F 0 Bj 0 L r - is globally generated, and so we are done. So, suppose this is not the case, 
i.e., h°(E' 0 i "0 Bj) < h°(F 0 Lj 0 Bj) — 1 for all j. Then, using rank^') = rank(F) we 
obtain 

Ej °j{t)h 0 (E' 0 Lj 1 0 Bj) E o’j(t)h°(F 0 L” 0 Bj) E j °j(t) 

rank(U') — rank(T) rank(T) 

As E is semistable, we can again apply the “(1) implies (2)” direction of the Le Potier-Simpson 
(Theorem 2.8) to give that the right hand side of the previous equation is in turn bounded by 


pt E (n) E jeM _ pt E (») Ejgj(*) 

rank(L') rank(F) rank (A) rank(F7) ’ 


and so 


y, <jj(t)h°(E' 0 L'j 0 Bj)rank(E) < P^(n)rank(E') — aj(t)r&nk(E) 


< P^(n)rank(£ ,/ ) — 


1 


max,,- vol(Lj 


as E j a j(t) ' rnaxj vol(Lj) > Ej a j(f) vol(Lj) = 1. This contradicts the above claim and 
therefore completes the proof. □ 


The next lemma is a slight refinement of our Comparison of Semistability Theorem for a 
single stability parameter, which could just as well have been proved in [ RT, Section 8]. 

Lemma 2.15. Let t = ti for some i. Suppose that E is (p, L, B_)-regular of topological type r 
and that E' C E has p^, > p' E . Then, ^(Hom(T, E')) > Hom(T, E)). 
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Proof. We have (if, > fi E and so E' £ £ 2 , which implies E' is {n,L,B_)- regular by (C2’). 
Suppose for contradiction /ij(Hom (T,E')) < /i^Hon^T,!?)). Then, 

2 cr j (t)h°(E' ® L] ® Bj)P^(m) < y. °j(t)h 0 (E' ® L™ ® B^P^n). 

Now by (C5’) (since t is assumed to be among the {tj}) we deduce 

P e Vj(t)h°{E' <S> L] <8> Bj) < P%,P t E {n) 

and so taking the leading order term in these polynomials 

r E y <jj(t)h°(E' <g> Lj <8 Bj) < r^P^n). 

Thus, by the Le Potier-Simpson Theorem (as discussed in Remark 2.9), this implies p l E , < p f E , 
which contradicts our choice of E'. □ 

Lemma 2.16. Suppose an A-module M is semistable with respect to t' £ (0, 1) and not 
semistable with respect to t" £ (0,1). Then there exists a t between t' and t" and a submodule 
M' of M such that 

(1) M is properly semistable with respect to t. 

(2 ) fi t (M') = ii t (M). 

(3) The function s p s {M') — p s (M) is not identically zero. 

Proof. Assume t' < t" (the other case being proved in the same way). The set T> of dimension 
vectors e of non-zero submodules M’ of M is finite. For each such e £ D set 

9 e{s) ■■= Hs(M') - p s (M) for s £ [t',t"] 

and 

Bo ■= {§. € V : (]e{ ) is not identically 0} 

As M is not semistable with respect to t" the set T> 0 is non-empty. 

Now if e £ T>o we have g e (t') < 0 as M is semistable with respect to t'. Define 

t := sup{s £ [if, t") : ge< 0 on [tf, s] for all e £ D 0 }. 

Then clearly M is semistable with respect to t, and there must be some e £ T>o f° r which 
g e {t) = 0. Letting M' be a submodule with dimension vector ef proves the lemma. □ 

Proof of Theorem 2.10. Suppose first E is semistable with respect to some t £ [tf, t"]. Then 
by definition it is torsion-free, and it is (p, L, R)-regular by choice of p. We aim to show that 
M := Hom(T, E) is also senristable with respect to t. 

To this end, suppose first that t = U for some i. Then, certainly M is senristable by 
the Preservation of Semistability with respect to these points (cf. Theorem 2.12). Thus, we 
may assume t £ (U,ti+i) for some i. Then, E must by also semistable with respect to all 
tf £ since by construction tj were the walls at which semistability of sheaves of this 

type may change and our stability segment is assumed to be uniform. In particular this is true 
at the endpoints, so once again by Theorem 2.12 the module M is semistable with respect to 
U and t i+ 1 . 

Suppose for contradiction M is not senristable with respect to this t. By Lemma 2.16 there 
is some tf £ [t,;, t*+i] and a submodule M' C M such that M is properly semistable with 
respect to t' , and sosn g s (M') — g s (M) is not identically zero. Note 

that this function is not linear in general. 
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Thus, we can apply Lemma 2.14 to deduce there is an (n, L, R)-regula.r subsheaf E' C E 
such that M' is subordinate to Hom(T, E'). So 


MHom (T,E')) > p t ,(M') = p t ,(M) 


( 2 . 12 ) 


and hence / u t /(Hom(T, E')) = p t >(M) by semistability of M with respect to t'. So p t >(M r ) = 
p t i(Hom(T, E')) and thus in fact M' = Horn (T,E'). 

Now by Lemma 2.4, since we are assuming that our stability segment is uniform, the 
function 


f E '(s) = P s E ,(n)P s E (m) - P E (n)P E ,(m 
is linear in s, and by (n,L,B )-regularity of both E' and E 

P s E (n) 


f E '(s) = P E ,(m)P s E (m) 


P S E >{n) 


P E f(m ) P E (m) 


= P E ,(m)P E (m) (/i s (Hom(T, E')) - p s (M)) . 


(2.13) 

(2.14) 

(2.15) 


But this is absurd, since by the above f E >{) is linear and not identically zero, f E >(t') = 0, 
but f E '(ti ) < 0 and f E '{U+i) < 0, as Hom(T, E) is semistable at L and U + i. Thus, we have 
shown that M is semistable with respect to t, as required. 

For the converse, suppose M is semistable with respect to some t £ [ti,U+ 1 ] and we wish 
to show that E is semistable with respect to t. 

As above, by Theorem 2.12 we are done if t is in the set {L}, so we may assume t £ (U, L+i). 
We suppose for contradiction E is not semistable with respect to t. Then, there exists a 
saturated E' C E with p^, > pg. So certainly tf E , > p f E and by (C2’) E' is then ( n,L,B 
regular. Now clearly we must either have p E , > p E or by linearity of the a 3 and 

by uniformity of (c r (^))tg[o,i] • From Lemma 2.15 this implies either //t i (Hom(T, E')) > (M) 

or pt i+1 (Hom(T, E')) > pt i+1 (M). Thus, with f E > as in (2.13) above we deduce from (2.15) 
that f E i(ti ) > 0 or f E '(ti+ 1 ) > 0. In particular, we conclude f E > is not identically zero. But 
M was assumed to be semistable with respect to t. so certainly f E >(t) < 0, which by our 
choice of {L} implies t = ti or t = L+i which is absurd. Thus, E is semistable as claimed. 

Finally, we turn to the statement about 5-equivalence. By Theorem 2.12, the statement 
we want holds at any point in {U}, so our interest lies in the open interval (ti,U+ 1 ). Again 
by construction, the 5-equivalence class of any semistable E taken with respect to any point 
within (ti, L+i) is independent of that point. We claim that the same is true for the semistable 
module M = Hom(T, E). 

To see this, suppose that M is semistable with respect to some point t £ (U,ti. |_i) and that 
M' C M is destabilising with respect to t. 

By Lemma 2.14 we may find a subsheaf E' of E such that M' is subordinate to Hom(T, E') 
and thus ^q(M') < p t (Hom(T,E 1 )) [GRT, Lemma 8.11]. Hence, we may suppose that 
M' = Hom(T, E') for some E' C E that is (n,L,B_)- regular. So the function f E >(-) is linear. 
Thus, we have f E >(t) = 0 but f E >(-) < 0 over all of (ti,ti + 1 ) by semistability of M. Therefore, 
f E t = 0, and so M' is a destabilising submodule of M with respect to any point in (tj,tj + 1 ). 

Now, by Theorem 2.12 applied to the chosen points t( £ (ti,ti+ 1 ) we have Horn (T,gr(E)) 
is isomorphic to gr(Hom(T, E)). Hence, this must also hold for all points in (tj,tj + i), as the 
isomorphism class of both sides are unchanged within this interval, completing the proof. □ 


Remark 2.17. The above argument has an interpretation in terms of the various chamber 
structures that are in play. Let £ C (M^o)- 70 \ {0} be a bounded subset of stability parameters. 
Then, as we have seen, £ has a linear chamber structure that witnesses the change in multi- 
Gieseker-stability as a £ £ varies. On the other hand, representations M of the corresponding 
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quiver are parametrised by a representation space R on which a product G of general linear 
groups act, and here GIT-stability has a linear chamber structure on II := Q 2 -? 0 \{0} obtained 
as the character xe varies with 0 E II. 

We recall the assignment a i-A \.0 defined in [GRT, Section 5.2] was given by 

a _ a 3 ft _ ~ a i 

Vv i V ad ° Wj V a d ’ 

which is in general non-linear in a. Thus, in general, the linear walls in the space II will not 
pullback to the linear walls in E, and then there is no reason to expect the variation of GIT 
to properly reflect the variation of definition of multi-Gieseker-stability. 

However, what is essentially proved above, is that if (<r(i)) tg [ 0 .i] is uniform, then the (non¬ 
trivial) walls in n do in fact pullback to linear walls in E. This is because (Lemma 2.14) 
the non-trivial walls (namely those for which there is an H-module of the form Hom(T, E ) 
that is properly semistable) are detected by (n, L, H)-regular subsheaves E' C E, and from 
Lemma 2.4, the pullback of this wall is actually linear in E. In fact, it is possible to argue 
more generally and instead of using a segment of stability parameters prove that, under a 
suitable uniformity hypothesis again, that the two chambers structures essentially agree for 
0 . 


2.3. Uniform Variation (Proof of Theorem 2.6). The proof of Theorem 2.6, which 
identifies the intermediate spaces, is essentially the same as that for a finite set of stability 
parameters as in [GRT, Section 10]. There, we considered the union Y = Uo-gs' Q^ a ' ss ^ C R 
as a varies in a finite set S' of stability parameters, together with its closure Z = Y. This 
is now replaced by Y = Utg[t' t"] Q^^' ss \ which is still a finite union as er(t) te ^.t,"] admits a 
finite chamber structure, and its closure Z = Y. By the Uniform Comparison of Semistability, 
Theorem 2.10, the “master space” statement [GRT, Theorem 10.1] 




R v(t)-ss nZ = 


Q[cr(t)-ss] 


now holds for all t E [t r , t"]. In [ 1R,T, Corollary 10.2] we identified a cone Cg(Z ) together 
with a chamber decomposition reflecting the change of sets of semistable points. So, as a{t) 
varies with t, we have a path Q a (t) °f characters which pass through the various chambers, that 
precisely witness the Thaddeus-flips that occur. By the uniform statements in the previous 
section we know that each of these is a moduli space of sheaves, precisely as in proof of [GRT, 
Corollary 10.2]. □ 


Part II. Chamber Structures 


3. Chamber structure for Gieseker-stability 


Our goal here is to exhibit a chamber structure on the ample cone of a projective manifold 
that witnesses the change in Gieseker-stability as the polarisation varies. For this, assume 
that X is smooth of dimension d over an algebraically closed field of characteristic zero, and 
let r E B(X)q. We recall the slope of a torsion-free sheaf E on X, as in [ \\ Definition 

3.1], with respect to L G Amp(X)f, or a curve class 7 G Ni(X)r is 


d L (E) 


f x ci(E)c 1 (L) d ~ 1 
rank(U) 


and n-y(E) 


fx c i(£) -7 

rank(U) 


We also recall Pos(X)r := {7 G Aq (V)p_ : 7 = D d 1 for some D G Amp(X)g} and that the 
map p: Amppf)® -A Pos(V)r given by p(x) = x d ~ l is a homeomorphism [ 1T13, Prop. 6.5]. 






18 


D. GREB, J. ROSS, AND M. TOMA 


Observe that by definition for any torsion-free sheaf E and any L £ Amp(J)f we have 
H L (E) = h p ( L ){E) . 

Now, suppose that K c Arnp(X) R is open and relatively compact and let 
Cone* (AT) := {XL £ Amp(A) R | L £ K and A £ M >0 } 
be the cone over K with the origin removed. 

Lemma 3.1. Let S' be a bounded family of torsion-free sheaves of topological type r. Then, 
the set 

F is a saturated subsheaf of some E £ S' and 
Py{F) > /i 7 ( E ) for some 7 in the convex hull of p(Cone*(K)) 

is bounded. 



Proof. Observe the inequality /z 7 ( F) > /x 7 (A) is invariant under replacing 7 by a positive 
multiple. So, as Convexhull(p(Cone* (A)) c Cone*(Convexhull(p(A)), it is sufficient to prove 
the theorem with Cone* (A") replaced with K. 

Fix 7 in the convex hull of p(K). Then, we can find 71 ,..., 7 m € Pos(X) R so that 7 * = p{Af) 
for some A; £ Amp(A)Q and so 7 lies in the interior of the convex hull H of 71 ,... , 7 m . We 
claim that the set 

Th := {F : F is a saturated subsheaf of an A £ S' and /r 7 (A) > /r 7 (A) for some 7 £ A} 

is bounded. To prove this, suppose 7 is a convex combination of 71 ,..., 7 m . If // 7 (A) > p^{E), 
then by convexity /r 7 i (A) > // 7 i (A) for some i, which says precisely p Ai {F) > p Ai (E). Thus, 
Th is contained in a finite union of sets that are each bounded by Grothendieck’s Lemma, 
[HL10, Lem. 1.7.9] or [Gro95, Theoreme 2.2], proving the claim. 

Now, the convex hull of the compact set p(K ) is also compact (a simple corollary of 
Caratheodory’s theorem) and so can be covered with a finite union of sets of form H. Hence, 
we deduce that S is contained in a finite union of sets of the form Th , and thus is also bounded 
as required. □ 


We apply the preceding discussion as follows. Define 

E is torsion-free of topological type r that is 
slope semistable with respect to some 7 £ p(Cone*(A')) 



(3.1) 


Then, as slope semistability is invariant under scaling 7 by a positive multiple, this set is 
unchanged if Cone*(A) is replaced with K. Thus, S' K is bounded by [GRT, Theorem 6.8]. 
Consequently, by Lemma 3.1 the set 


Sr ■= 



F is a saturated subsheaf of some E £ S' K and 
p L (F) > p. L (E) for some L £ Cone* (A') 


(3.2) 


is also bounded. Now, 
polynomials as 


for each F £ Sk write the corresponding difference of reduced Hilbert- 


Pf(*0 -PeW 


1 

vol(L) 




fcd—i 

Jd^ys 


(3.3) 


where E is any sheaf of topological type r and vol(A) := j x c\(L) d . Note that here we allow 
L to be real, so these reduced Hilbert polynomials should be defined using the Riemann-Roch 
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theorem (as discussed in [GRT, Definition 11.1], i.e., 

PfW ■= * im [ e kc ^ch(F)Todd(X). 

rank(F) vol(L) J x 

Hence, L i-a /3j^ is a polynomial function on Amp(X)f of degree d — i (so in particular /3p d 
is independent of L). 

Moreover, for i = 1,..., d — 1 and F £ Sk we set 

Wf, = {L£ Amp(l) t | (d T Xl = 0} 

which we shall refer to as a wall. So, each such wall is either empty, all of Amp(X)g, or a 
non-trivial real algebraic variety in Amp(X)]g. 

Definition 3.2. We let Wk be the set of walls Wf,% for F £ Sk and i = 1,... ,d — 1 such 
that Wpj is neither empty nor all of Amp(X)f. 

Observe that Wf,% depends only on the topological type of F, and by boundedness of Sk 
there are only finitely many such types. Hence, the set Wk consists of a finite number of 
(non-trivial) walls that divide Cone* (it) into a number of chambers (see [GRT, Definition 
4.1] for the precise definition of a chamber). 

Proposition 3.3 (Existence of chamber structure for Gieseker-stability). The collection Wk 
of walls gives a chamber structure on Cone*(/i) that witnesses the change in Gieseker-stability 
as L varies within Cone* (AT). More precisely, if L',L" £ Cone* (it) lie in the same chamber, 
then for any sheaf E of topological type t it holds that 

(1) E is Gieseker-(semi)stable with respect to L' if and only if it is Gieseker-(semi)stable 
with respect to L". 

(2) If E is Gieseker-(semi)stable with respect to L' and L" then the S-equivalence class of 
E is the same taken with respect to either L' or L". 


Proof. The proof of this is essentially the same as that of [ IT, Proposition 4.2], Let E be 
of topological type r and suppose for contradiction E is Gieseker-semistable with respect to 
L' and not Gieseker-semistable with respect to L". 

Then, on the one hand E is slope semistable with respect to p(L') £ p(Cone*(A")), and 
on the other hand there exists a saturated F C E such that pp' > p r f . In particular, this 
implies p, L "(F) > p. L "(E) (cf. [GRT, Example 1.2]), and so by definition F £ Sk- As above, 
write the difference of reduced Hilbert-polynomials as 


Pf(* 0 -Ps(*0 = 


vol(L) 


d 

E 

i— 1 


Pf,i 


k d 


(■ d-i )\' 


So, we have pp' > p^' , but by stability of E with respect to L' also pp < pp. Let i be the 
largest integer such that f3pj = /3p"j = 0 for all j < i. Then, /3p\ < 0 and ^p[ > 0 (but not 
both equal to zero by choice of the index i). This implies three things. First, by continuity of 
the function L i —> /3p i: and by connectedness of a chamber, some point of this chamber must 
be contained in Wf,i = {L \ /3p t = 0 }. Second, the wall Wf,% is non-trivial, so lies in Wk- 

And third, there exists a point in the chamber not contained in Wf,i- Together, these three 
statements contradict the definition of what it means to be a chamber. 

The statement for Gieseker-stability and the statement about S-equivalence is proved in a 
similar way. □ 
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Remark 3.4. 

( 1 ) As the notation suggests, the set of walls Wk depends on the initial choice of K. 
Clearly, the sets S'k and Sk get larger as K gets larger, so Wk also gets larger and 
there is no reason to expect the union over all such K to still be finite. 

There is an equivalence relation on Amp(X)u obtained by declaring L' and L" to 
be equivalent if all sheaves E of topological type r are Gieseker-(semi)stable with 
respect to L' if and only if this holds with respect L". Then, the above says that, 
when restricted to Cone*(-A), an equivalence class is given by a union of chambers 
associated with Wk- 

(2) If one instead only considers the non-trivial walls of the form {Wp^ \} as F G Sk, then 
one gets a coarser chamber structure that witnesses the change in slope stability as L 
varies in Cone*(A'). 

(3) When discussing threefolds we will call a wall of the form Wf,i a wall of the first kind 
(which in this case is a quadratic wall) and a wall of the form IT/?, 2 a wall of the second 
kind (which in this case is a linear wall). 

Remark 3.5. We used above that the set of sheaves that are slope semistable with respect 
to some 7 varying in a given compact subset of Pos(A)jr is bounded. As far as we are 
aware, the first proof of a statement of this form appears in [ ] (an improved proof 

appears in [ RT, Theorem 6 . 8 ]). It is because of this that we require X to be smooth and 
the sheaves in question to be torsion-free. It would be interesting to know whether such a 
chamber structure witnessing the change in Gieseker-stability exists more generally for pure 
sheaves or singular X. The next proposition shows that it does in another extreme case, 
namely that of one-dimensional sheaves. 

Proposition 3.6. Let X be a projective manifold of dimension at least two, let t be a topo¬ 
logical type of one dimensional coherent sheaves on X and fix K C Amp(A)i a relatively 
compact open subset o/Amp(X)R. Then, 

(1) The set of pure sheaves of type r which are (Gieseker)-semistable with respect to some 
polarisation from K is bounded. 

(2) There exists a finite linear chamber structure on Cone* (A') that witnesses the change 
in stability for sheaves of topological type t . 

Proof. We first prove boundedness. If A is a one-dimensional sheaf on X and L € Amp(A)®, 
the corresponding Hilbert polynomial consists of only two terms: 

Pji(m) = ai(E)m + (E). 

Note that Oq (A) does not depend on L so we’ll just write ato(E) := Oq (A). To E we associate 
its (effective) one-dimensional algebraic support cycle which we denote by Z(E) as in [ ul98, 
Example 15.1.5]. Then, af'(A) = L.Z(E), which we shall write as volz Z{E) := L.Z(E). 

Now fix H G Amp(A)z some reference polarisation. As A is relatively compact, there exist 
positive constants C\, C 2 allowing to compare the volumes, i.e., such that 

CiH <L< C 2 H for all L G K. 

Here, the inequality denotes the order relation induced by the cone Amp(X)g on A 1 (A")r. 
Suppose now that E is semistable with respect to some L € K and let F be any nontrivial 
coherent subsheaf of E. Then, ao(A) volp Z(E) < oto(E) volp Z(F), hence 

( F \ / a 0 (E) vol L Z(F) ^ max(0, a 0 (E))C 2 vol H Z(F) 

“ 0l vol l Z(E) ~ Ci vol/f Z(E) 




SEMI-CONTINUITY OF STABILITY FOR SHEAVES 


21 


This implies the upper bound 

a 0 (F) ^ C 2 max(0, a 0 (E)) 

vol H Z(F) ~ Ci vol H Z(E) 

for the slope of F with respect to H. We thus obtain boundedness by Grothendieck’s Lemma 
[HL10, Lemma 1.7.9]. 

Once boundedness is established, the proof of the existence and finiteness of the chamber 
structure parallels the previous one, linearity being obvious. □ 


4. MUMFORD-THADDEUS PRINCIPLE FOR GENERAL LINE BUNDLES 


In [ ] we proved that any two moduli spaces of Gieseker-semistable sheaves on a smooth 

projective threefold are connected by a finite number of Thaddeus-flips. In this section, we 
will extend this structure result to base manifolds of arbitrary dimensions. However, for this 
we have to restrict to general classes in Ni(X)-r, which we now make precise. 

Definition 4.1. We say that A £ Amp(T)g is general if there exists an open relatively 
compact K C Amp(X)® with L £ Cone*(It) such that L does not lie on any of the walls in 

%■ 


As is clear from the definition, choosing such a I\, the set of points in Cone* (A") that are 
general are dense in Cone*(A'). In fact they consist of the complement of a finite number of 
algebraic varieties, from which one sees that in fact the points Amp(X)Q that are general are 
dense in Amp(A)R. Observe finally that if L is general then so is L r for all r £ M>o- 

Now let K C Amp(J)t be open and relatively compact, and recall the sets S' K and Sk 
were defined in (3.1) and (3.2), respectively. 

Lemma 4.2. Let o' = (A', o [,..., cr' 0 ) and o" = (A", of ,..., o" o ) be stability parameters. Set 

v : = ^'M L 'j) d ~ x and 7" : = a i c i(A") d_1 

and suppose that 7 ' and 7 " both lie in p(Cone*(AT)). Suppose in addition that for any torsion- 
free sheaf E of topological type r and any saturated F C E with F £ Sk it holds that 

Pf(<)Pe if and only if Pp {<)Pe 

Then, such a sheaf E is (semi)stable with respect to o' if and only if it is (semi)stable with 
respect to o". 


Proof. Suppose E is semistable with respect to o'. Then, it is slope semistable with respect 
to y which says E £ Sk- To test for (semi) stability of E with respect to o" it is sufficient 
to consider only saturated subsheaves F of E. If /r 7 »(A) < /r 7 »(A), then clearly F does 
not destabilise E with respect to o" (cf. [ 1RT, Example 2.6], or Remark 1.4). Otherwise 
/ry/(A) > fj,y/(E) and so A £ Sk and we are done. □ 


Proposition 4.3. Let L’,L" £ Amp(X) and suppose that L' is general. Consider the family 
of stability parameters 


o(t) := A , A , 


1 -t 


fort £ [0,1]. 


(4.1) 


vol(A') ’ vol (A") 

Then, for all t > 0 sufficiently small 

(1) Any sheaf of topological type r is Gieseker- (semi)stable with respect to L' if and only 
if it is o(ft)-(semi)stable 
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(2) Suppose E and E' are sheaves of topological type r that are Gieseker-semistable with 
respect to L'. Then, E and E' are S-equivalent in terms of Gieseker-stability defined 
using L' if and only if they are S-equivalent in terms of multi- Gieseker-stability defined 
using aft). 

Thus, for t > 0 sufficiently small the stability parameter a(t) is bounded, and Mjj = 

Proof. As L' is general, there exists an open relatively compact K C Amp(J)u with L' £ 
Cone* (A) and L' not lying on any wall in Wk- 

Let E be a sheaf of topological type r. If F C E is saturated with F £ Sk we write the 
difference of reduced multi-Hilbert-polynomials as 

p a F {t) (k) - p a E {t) (k) = ^2h Fii {t) j _ ■ 

i =i 1 l) - 

Clearly h F j depends only on the topological type of F. Moreover, since for any sheaf F we 
have p a F °\k) = rank ( F ) V oi(Z/) ^^ ® L' k ) = p F (k), it holds that h F ,i( 0) is a positive multiple 

of ftp} (as defined in (3.3)), and similarly h F) f 1) and Mi . In fact, using the Riemann-Roch 
theorem (cf. [ RT, Example 2.6] or Remark 1.4) one checks easily that h Fl : [0,1] —> M is 
linear. 

We claim that for each i = l,... ,d and F £ Sk either h F ^(t) = 0 for all t £ [0,1], or 
h F< i( 0) 0. This is clear when i = d for then h F j t is independent of t, so assume 1 < i < d— 1 

and h Fi i( 0) = 0. So /3 Ei = 0, so L' lies on the wall W F ,i- So as L' is general this implies that 
W F ,i is trivial, i.e. is the whole of Amp(A)*. In particular L" £ W F> i, and thus h F ^(l) = 0 
as well, and so by linearity h F> i(t ) = 0 for all t £ [ 0 ,1], thus proving the claim. 

Now, as there are only a finite number of topological types among the sheaves in Sk, for 
all to > 0 sufficiently small the following holds: for all F £ Sk and all i = 1 ,,d either 


h F> i has no roots in [ 0 , to] or h F ^(t) = 0 for all t £ [ 0 , 1 ], 


(4.2) 


We now prove (1) by showing that E is (semi)stable with respect to cr(0) (which is equivalent 
to being Gieseker-(semi)stable with respect to L') if and only if it is (semi)stable with respect 
to a (to). To this end, let 


7 1 


1 -t 


vol (L 


rM L T- 1 + 


vo \(L'‘ 


Ml 


u\d— 1 


e A r i(A) K . 


As L' £ Cone*(A), we have 70 £ p(Cone* (K)) and by continuity, by shrinking to if necessary, 
we have 71 0 £ p(Cone*(K )) as well. So we are in a position to apply Lemma 4.2, so it is 
sufficient to prove that for all saturated F C E with F £ Sk we have 


Pf 


( °\<)p a F 0) if and only if pM’(<)Pe 


d*o), 


(to) 


But precisely from the ordering of polynomials (which is the same as the lexicographic ordering 
on its coefficients) this follows immediately from (4.2), proving statement (1) in the theorem. 
The statement (2) about S-equivalence then follows from this. 

Finally, as is well known, the set of sheaves of a given topological type that are semistable 
with respect to L' is bounded, by [HL10, 3.3.7], or [ , Theorem 6.11]. Thus, for t > 0 

sufficiently small, aft) is also bounded, and the final statement follows. □ 


Theorem 4.4 (Mumford-Thaddeus principle for Gieseker moduli spaces). Let X be a pro¬ 
jective manifold of dimension d over an algebraically closed field of characteristic zero, let 
t £ B(X)q, and let L ', L" £ Amp(X)Q be general. Then, the moduli spaces Ml 1 and Ml" of 
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torsion-free sheaves of topological type r that are Gieseker-semistable with respect to If and 
L", respectively, are related by a finite number of Thaddeus-flips. 

Remark 4.5. The obvious approach to prove such a statement is to first scale L' and L" so 
they are integral, and then consider the two stability parameters 

a = {L',L", 1,0) and a' = (L', L", 0,1). (4.3) 

Then, Gieseker-(semi)stability with respect to L' (resp. L") is precisely multi-Gieseker-(semi)- 
stability with respect to a' (resp. a"). Ideally, we would then apply our main variation 
result ([< , Corollary 10.2]); however, we are prevented from doing this since the stability 

parameters in (4.3) are clearly not positive (in the sense of [ 11 1', Definition 2.1]). In a sequel 
to this paper we will address this issue, and show how this direct naive approach can be indeed 
carried out to prove that the moduli space of Gieseker-semistable sheaves with respect to any 
two polarisations are related by a finite number of Thaddeus-flips. For now, we use what we 
have already to prove the above weaker version of this statement. 


Proof of Theorem 4-4 ■ Consider the segment of stability parameters given by 

1 - t t 


a(t) = (L',L", 


vol(L') 1 vol (L' 1 


-) for t £ [ 0 , 1 ]. 


As L’ and L" are general, two applications of Proposition 4.3 imply that for t > 0 sufficiently 
small A4l' = M a (t) and Ml" = A4Moreover, as t £ (0,1), both a(t) and cr(l — t ) 
are clearly positive stability parameters, and so [ RT, Theorem 10.1] applies to give the 
result. □ 


5. GlESEKER-STABILITY WITH RESPECT TO REAL AMPLE CLASSES 

We digress to revisit the moduli spaces A4 W of Gieseker-semistable sheaves taken with 
respect to a real class uj £ Amp(A)R. Suppose we again fix an open, relatively compact 
K C Amp(A)j and assume that uj £ Con e*(K). If uj is general, so does not lie on any of the 
walls in Wk- then we can perturb it slightly to find a rational L £ Amp(A)Q in the same 
chamber. Thus, Gieseker-stability with respect to uj is the same as that for L, and so the 
moduli spaces = Ml agree, and so in particular M. u is projective. 

We now show that we can still get such a projective moduli space if uj is allowed to lie on 
walls of the form W\,p for F £ Sk, but not on any walls of the form Wj.F for F £ Sk and 

i > 2. 

Theorem 5.1 (Projective moduli spaces for w-semistable sheaves). Let X be a smooth pro¬ 
jective manifold of dimension d and t £ B(X)q. Suppose that K C Amp(X)g is open and 
relatively compact and that uj £ Cone* (AT) does not lie on any of the walls for i > 2 and 
F £ Sk- 

Then, there exists a projective moduli space of torsion-free sheaves of topological type 
t that, are Gieseker-semistable with respect to uj. This moduli space contains an open set 
consisting of points representing isomorphism classes of stable sheaves, while points on the 
boundary correspond to S-equivalence classes of strictly semistable sheaves. 

Proof. Clearly uj n ~ 1 £ Pos(X)r. As the map p: Amp(A)g —> Pos(X)r is a homeomorphism 
we can find L\, . .., Lj 0 £ Amp(X)Q arbitrarily close to uj, so that uj n ~ 1 is a convex combina¬ 
tion of p{L\),.. . ,p(Lj 0 ), say uj n ~ l = OjL^ 1 . By rescaling all the Lj simultaneously we 
may assume all of them to be integral. We then set a = (L \,..., Lj 0 ,a ±,..., aj 0 ). 
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As c o does not lie on any of the walls WiF for i > 2, we can take such Lj close enough to oj 
to ensure that fj( J F has the same sign as [3f F for all? > 2 and F G Sk ■ Using convexity, one 
checks that this implies that Pf(<)pf if and only if p f {<)Pe- So E is Gieseker-(semi)stable 
with respect to uo if and only if it is (semi)stable with respect to a. Now as the wall structure 
for multi-Gieseker stability is rational linear [ 1RT, Proposition 4.2] we can perturb the <jj 
to be rational without changing stability, and thus M u = M a . □ 

Part III. Construction of Uniform Stability Segments 
6. Surfaces 

We sketch the case of the variation problem when X is a smooth complex surface. The 
upshot will be that we recover, in a natural way, the main result of Matsuki-Wentworth 

[MW97]. 

Theorem 6.1 (Mumford-Thaddeus-principle through moduli spaces of sheaves for surfaces). 
Suppose X is a smooth surface and r G B(X)<q and let L,L' G Amp (A). Then, the moduli 
spaces Ml and Ml 1 of torsion-free sheaves of topological type r that are Gieseker-semistable 
with respect to L and L ', respectively, are related by a finite number of Thaddeus-flips through 
moduli spaces of (twisted) semistable sheaves. 

Throughout this discussion we fix the topological type of the sheaves under consideration. 
The ample cone Arnp(A) is divided into chambers by a locally finite collection of rational 
linear walls that witness the change in slope stability. Suppose that Lq,L\ G Amp z (A') lie 
in the interior of adjacent chambers separated only by a single wall, so for each wall W 
the straight line through Lq and L\ is either contained in W or meets it at a single point 
(necessarily rational) which we denote by L. We may assume that L is the midpoint of this 
segment, and by rescaling we may as well take it to be integral. For a large positive integer 
a, consider the stability segment given by 

<r(t) = (L,L; —=-L“, -=-Lq), 1 G [0,1]. 

vol(L) vol(L) 

Using Riemann-Roch one checks easily that {&{t))te[o,i\ is a uniform segment of stability 
parameters. Moreover, arguing along the lines of [MW97, Sect. 3], it is not hard to show that 
for a sufficiently large, any sheaf E is (semi)stable with respect to cr(0) (resp. <r(l), a (1/2)) if 
and only if it is Gieseker-(semi)stable with respect to Lq (resp. L\, L); we omit the details, 
since the same technique is used more generally below. 

Then, we may conclude from Theorem 2.6 that Ml 0 , Ml 1 , and M F are related to each 
other through a finite number of Thaddeus-flips through moduli spaces of sheaves. Since this 
holds for any two such Lq and L\, one may apply this statement repeatedly to deduce the 
same holds for any two moduli spaces of Gieseker-semistable torsion-free sheaves on a smooth 
surface. 


7. Threefolds 


Our aim is to prove the following. 

Theorem 7.1 (Identification of intermediate spaces). Let X be a smooth projective manifold 
of dimension 3. Suppose Lq and L\ are ample line bundles “separated by a single wall of 
the first kind”. Then, the moduli spaces Ml 0 and Ml x of Gieseker-semistable torsion-free 
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sheaves of topological type r are related by a finite number of Thaddeus-flips through spaces 
of the form M. a for some bounded stability parameter a. 

The definition of what it means to be “separated by a single wall of the first kind” will be 
given below (Definition 7.5). 

Remark 7.2. Schmitt [SchOO] essentially considers the case that Lq and L\ are separated by 
a single wall (on a manifold of any dimension), and studies the variation problem under the 
additional assumption that this wall contains a rational point L (and makes no attempt to 
identify the intermediate spaces). The main advantage of the technique used in the present 
paper is that we do not need to consider points on this wall in Amp R (X), and instead move 
to the space of multi-Gieseker-stability parameters for the variation problem, at which point 
the rationality of the wall in Amp R (X) becomes irrelevant. 

7.1. Notation and setup for the proof of Theorem 7.1. In order to shorten notation, 
from here on, a given stability segment (cr(t))tg[o,i] will be written as cr(-). As we are interested 
in the moduli spaces, rather than the precise stability parameters, the following equivalence 
relations are convenient: 

Definition 7.3. Let o and a be bounded stability parameters. 

(1) We write a = a if any sheaf of topological type r is (semi)stable with respect to a if 
and only if it is (semi)stable with respect to a. 

(2) We write if the moduli spaces A4 a and M.& are related by a finite number of 

Thaddeus-flips through spaces of the form A4 ai for some bounded stability parameters 

Oi. 

7.1.1. Riemann-Roch. To simplify various Riemann-Roch calculations, we shall use the fol¬ 
lowing notation adapted from Schmitt [SchOO, Sect. 2.1]. Let X be a smooth manifold of 
dimension d and L be an ample line bundle on X. For a torsion-free sheaf E define 

Hilbi(2?) := (ch(E)Todd(X))i and hilbi(-E) := —— 

rank(Aj 

where the subscript i denotes the part of this product in H 2i (X, Q). Also, given a proper 
subsheaf F C E we set 

hilbj (F, E) := hilb;(T) - hill*(£7). 

For top degree forms we shall omit the integration over X when it is clear from context, so 
for example 

hilb i(E)c 1 (L) d - i := [ YA\bi{E)ci(L) d - i = -k— f mVofiE^L)^ . 

Jx rank {E) J x 

Now, for a polynomial of the form 

fed— 1 fed -2 

pW = Pl (rfVT)T + K(rfT2)T +■■■+?«• 

we write 

P= «Pi||P2||'--||Pd)) 

for the vector of coefficients. Thus, the ordering on such polynomials p is the lexicographic 
order on the vector ((pi|| • • • ||pd))- So, by Riemann-Roch, the reduced Hilbert polynomial of 
a torsion-free sheaf E with respect to L is ^ +p(k), where 

P = ^ I y((hilb 1 (E)c 1 (L) d - 1 || hilb 2 (£)c 1 (L) d - 2 ||... f| hilb d (£7)». 


(7.1) 
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Finally if a is a stability parameter, then for any proper subsheaf F C E we let 

Pfce := Pf ~ Pe- 


7.1.2. Gieseker Walls. We now define what we mean for two line bundles to be separated by 
a single wall of the first kind. For simplicity here we assume X is smooth of dimension 3 
(but a similar story holds in any dimension). Fix a relatively compact open and connected 
I\ C Amp(X)]R. As defined in Section 3 this gives rise to a collection Wa of non-trivial walls 
that witnesses the change in Gieseker-stability. For convenience we recall the construction. 
Let Cone*(A') = {XL : L £ K, A € M> 0 }, 

E is torsion-free of topological type t that is 
slope semistable with respect to some 7 £ p(Cone*(A')) 




and 

A is a saturated subsheaf of some E £ S' K and 

/i L (A) > h l (E) for some L £ Cone* (K) 

which are both bounded. For each F £ S F write the difference of reduced Hilbert-polynomials 
as 




PF(k)~PE(k) = 


vol(A) z 


Pf,i 


k d ~ 


2—1 


(d-i)\ 


where E is any sheaf of topological type r, and for i = 1, 2 let 


W F ,i = {L£ Amp(X) K | /% = 0}. 


Definition 7.4. We call the W F 1 walls of the first kind and the W F ,2 walls of the second 
kind. We let VVa be the finite set of walls W F ^ for F £ S F and i = 1,2 such that W F ^ is 
neither empty nor all of Amp(A)g. 


Definition 7.5. Let K C Amp(A)t be open and relatively compact. We say that Lq,L\ £ 
Cone*(/\) n Amp(A)(Q) are separated by a single wall the first kind if 

( 1 ) Lq and L\ do not lie on any of the walls in VVa 

(2) The straight line segment between Lq and L\ is contained in Cone*(A') and meets 
precisely one wall of the first kind, and does not meet any walls of the second kind. 


Observe that this definition depends on the chosen set AT, and that if Lq and L\ are 
separated by a single wall of the first kind then they are certainly general (as in Definition 
4.1). Thus, as long as there exist walls of the first kind, there will be plenty of Lq and L\ 
that satisfy this condition. 


Remark 7.6. The condition imposed in Theorem 7.1 that the two lines bundles be separated 
by a single wall of the first kind is used only in the final step of the argument, cf. Lemma 7.21. 


7.1.3. Multi-Gieseker Walls. We now describe a wall structure associated to a stability seg¬ 
ment cr(-). This is essentially a repeat of our multi-Gieseker chamber structure from [ RT, 
Section 4], but we will need something slightly more technical, so we give a self-contained 
account here. 

Suppose that aft) = (A; B\(t ),..., Bj 0 (t )) for t £ [0,1] is a segment of stability parameters. 
For each t £ [0,1] set 


It := Y mnk(B j (t))c 1 (L j ) d 1 £ Ni(X)r. 


(7.4) 
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So by Riemann-Roch, if E is semistable with respect to aft), then it is slope semistable with 
respect to 7 t- 

Definition 7.7. We say that a bounded set S of sheaves detects the change of multi-Gieseker- 
stability for a(-) if the following holds: if E of topological type r and semistable with respect 
to aft) for some t £ [0,1], and F C E is saturated with > /J nt , (E) for some t' £ [0,1], 

then F £ S. 

Below we will apply this with S being a set of type Sp as in (7.3), but that is not important 
yet. The terminology is justified by the following: 

Lemma 7.8. Let S be a bounded set of sheaves that detects the change of multi-Gieseker- 
stability for a stability segment a(-) and let t,t' £ [0,1]. Suppose that for all torsion-free 
sheaves E of topological type t and all saturated F C E with F £ <S we have 

Pfce(^) q l f and onl y */Pfce(—)°- 

Then aft) = aft'). 

Proof. We have seen essentially this statement before (see Lemma 4.2). Suppose that E is of 
topological type r and semistable with respect to aft), and we show it is also (semi)stable 
with respect to aft 1 ). Let F C E be saturated. If p, lt ,(F) < p lt ,(E) then F clearly does not 
destabilise E with respect to aft'). Otherwise by definition F £ S, and so the hypothesis that 
E is semistable with respect to aft) gives p^^ E (<) 0 and hence p a p^ E {<) 0 . □ 


Suppose now that S detects the change of multi-Gieseker-stability for cr(-). For each F £ S 
write the difference of reduced multi-Hilbert polynomials as 


Pf 


<?(*) a(t) 


Pe = hp .*(*) 


k d ~ 


i=1 


(d-i)V 


where E is any sheaf of topological type r. Then, hp t i : [0,1] —> R is linear, and thus is either 
identically zero or has at most 1 root in [ 0 , 1 ]. 


Definition 7.9. Let S be a bounded set of sheaves that detects the change of multi-Gieseker- 
stability for a(-). We define the set of multi-Gieseker walls associated to S to be the set of all 
roots of Hf,i for i = 1,... ,d and F £ S among all those hp,i that are not identically zero. 

As each hp^ depends only on the topological type of F, the set of multi-Gieseker walls 
associated to S consists of a finite number of rational points in [0,1], which we denote by t\ < 

... tpf. This divides [0,1] into “chambers” within which multi-Gieseker-stability is unchanged. 

Corollary 7.10. Let a(-) be a stability segment and lett\<...<tpr be the multi-Gieseker 
walls associated to a bounded set of sheaves that detects the change in multi-Gieseker-stability 
fora(-). Then, 

M a ( t ) = for all t,t' £ (ii,t i+ 1 ). 

Proof. This is immediate from Lemma 7.8, since for all saturated F C E with F £ S we 
have p a p ^ E {<)0 if and only if p ^ cE (<)0 by the definition of ordering of polynomials and the 
definition of the points L. □ 
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7.1.4. Open and (almost) perfect stability parameters. 

Definition 7.11. We say the stability segment c(-) is open if for all t > 0 sufficiently small 
we have <r(0) = aft) and <r(l) = <r(l — t ). 

The purpose of this definition is to avoid the possibility of non-trivial change of moduli 
space occurring at the endpoints of [0,1]. 

Definition 7.12. Let S be a bounded set of sheaves. We say a stability segment a(-) is 
almost perfect with respect to S if the following all hold: 

(1) The set S detects the change in multi-Gieseker-stability for cr(-). 

(2) fi(-) is open. 

(3) We have A i a (t 0 ) f° r ^o> L £ (0,1) that are not among the multi-Gieseker 

walls associated to S (cf. Definition 7.3). 

Remark 7.13. 

i) We did not make any requirement that we make a “minimal” choice of multi-Gieseker 
walls (so certainly some of the walls could be superfluous). Thus the condition (3) 
could, in principle, depend on the choice of set S. We observe also that even if cr(-) is 
open, some of these walls could be at the endpoints of [0,1]; however we only demand 
that condition (3) holds for points in the interior of [0,1], 

ii) By Corollary 7.10, and since there are only a finite number of multi-Gieseker walls, 
we can replace condition (3) by requiring instead that M a {t 0 ) * r ~"’ Ma{t\) f° r general 
points to, t\ in the two open chambers adjacent to a single wall in (0,1). 

iii) Furthermore, by the work done in Section 2, see especially Theorem 2.6, if a(-) is 
bounded and uniform, then condition (3) certainly holds. 

iv) We reserve the terminology perfect stability segment to mean that condition (3) holds 
for all to,ti G (0,1) including the walls, but this notion will hardly be used. 

The purpose of this definition is the following obvious conclusion. 

Lemma 7.14. Suppose that a(-) is almost perfect with respect to some bounded set S of 
sheaves. Then, M. a (p) 

Proof. As a(-) is open, we have for t > 0 sufficiently small that A4 CT (o) = M a (t) and = 

Thus, we can apply condition (3) to deduce that A4 a m □ 

7.2. Strategy of the proof. The idea for the proof of Theorem 7.1 is rather natural: We 
first consider a stability segment a(-) that joins two stability parameters we are interested 
in. In general, it will not be uniform, but it will be cut up by a finite number of rational 
walls. We then focus our attention on a specific wall, and find a new stability segment rj(-) 
that joins stability parameters immediately to the left and to the right of this wall. Moreover, 
we arrange that this new stability segment is closer to being uniform than cr(-), in that more 
terms of the corresponding multi-Hilbert polynomial are independent of t. We then apply the 
same argument to r/(-), and continuing in this way, we arrive at a uniform stability segment, 
to get the desired conclusion. Thus, since we are on a threefold, the proof divides into three 
steps, whose main arguments we will summarise now. 

7.2.1. Step 1. Fix an open, relatively compact, connected K C Amp(J)f, and assume 
Lq, Li G Cone*(A') are separated by a single wall of the first kind. Without loss of generality 
we may assume that Lq and L\ are arbitrarily close to each other, and so we may assume that 
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the line segment between p(Lq) and p(L\) is completely contained in p(Cone*(A')). Moreover, 
by perturbing Lq and L\ slightly we may, without loss of generality, assume that 


[ ci(L 0 ) 3 / [ ci(Li)ci(L 0 ) 2 and 

J x Jx 

[ Ci(L!) 3 ± [ Cl(A 0 )ci(Z/!) 2 . 

JX Jx 


(7.5) 


Finally, by rescaling both Lq and L\ simultaneously we may assume they are both integral. 
As we have done in Section 7.1.2 above, set 

E is torsion-free of topological type r that is 
slope semistable with respect to some 7 E p(Cone*(AT)) 


S' K := l E 


(7.6) 


and 


Now set 


S K := { F 


F is a saturated subsheaf of some E E S' K and 
p L (F) > p L (E) for some L E Cone* (A') 


(7.7) 


cr 0 (t) : = 


1 -t 


cri{t) = 


vol(Ao) ’ ' vol(Lij 

and consider the stability segment 

a{t) := (A 0 ,Li,cr 0 (t),cri(t)). 

Clearly, a sheaf is (semi)stable with respect to cr(0) (resp. cr(l)) if and only if it is (semi)stable 
with respect to Lq (resp. Ai). Thus, to prove Theorem 7.1 it is sufficient to prove that cr(-) 
is almost perfect with respect to Sk, for then Ml 0 = = Ml x - To this end, 

we start with: 

Lemma 7.15. Sk detects the change of multi-Gieseker-stability for cr (•). 

This, and all subsequent lemmata will be proved Section 7.3 below. The assumption that 
Lq and Li are separated by a single wall of the first kind in particular implies they are general. 
Thus, by Proposition 4.3 we conclude that <r(-) is an open segment of stability parameters. 

Now, since there is no reason to expect <r(-) is uniform, we have to look more closely at 
what happens when a wall is crossed. So, fix a wall t E (0,1) associated to Sk and let to and 
t\ be general rational points in ( 0 , 1 ) in the chamber immediately to the left and to the right 
of t, respectively (the precise requirement for what it means for to and ti to be general can 
be seen from the proof of Lemma 7.18 below). So, to show that <r(-) is almost perfect with 
respect to Sk it remains to show that 


M, 


(to) 


--+M 


o-(q)- 


(7.8) 


7.2.2. Step 2. Fix t, t 0 , ti as above, and also fix a large positive integer a (to be determined 
below). For s E [0,1] consider the formal sum of line bundles 


arrAt 1 ) 


j(* 0 ) ' 


Bj(s) := <Tj(t) 


sLp 


(*) 


+ (1 — s)L- 


i(t) 


3 = 1,2. 


(7.9) 


Observe that as t E (0,1) we have 07 (t) / 0; moreover, for (7.9) to make sense we require 
that aaj(ti)/aj(t ) E N for i. j = 0,1, which certainly holds for arbitrarily large a. Now define 

V(s) := (Lq,Li-,Bq(s),Bi(s)) for s E [0,1], 
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which we observe is a stability segment, as for all s £ [ 0 , 1 ] we have 

rank(So(s)) voI(Lq) + rank(Ri(s)) vol(Li) = ao(t) voI(Lq) + or(t) vol(Li) = 1 . 


Remark 7.16. It may help the reader to observe, more explicitly, that the multi-Hilbert 
polynomial of 7 /(s) for a sheaf E is given by 


pn{s) 

E 


(*) 


i -t 

voI(Lq) 

t 

+ 


vol (L 


sx{E®Ll ® 
-s X (E ® L\ 


L 0 ^ ) + 


W 


') + 


1 - 1 
vol (L 0 ) 
t 


(1 - s)x(E <g> Ll 


vol(Li) 


(1 -s)x{E®L{ 


Ln 1 " 1 ' 


'W 


There are two reasons for this particular choice of twisting. First, from Riemann-Roch one 
can verify that the part of the k 2 coefficient of that depends on E is independent of s 
(this essentially follows as rank(Pj(s)) is independent of s). So, even though rj(-) may not 
be a uniform segment of stability parameters, it is closer to being uniform than <r(-) was. 
Second, at the endpoints s = 0 and s = 1 we get back the stability with respect to a (to) 
and cr(fi), as made precise in the following lemma which is adapted from ideas of Matsuki- 
Wentworth [MW97, Thm 4.1]. 


Lemma 7.17. For a £ N sufficiently large, 7 /( 0 ) = <r(to) and 7 /( 1 ) = a(ti). 


As a consequence, our goal becomes to show that ?/(•) is almost perfect with respect to Sk, 
for then M. a (t 0 ) = o) A4^(i) = Towards this goal we start with: 

Lemma 7.18. 

( 1 ) Sk detects the change of multi-Gieseker-stability for rj(-). 

(2) For a £ N sufficiently large, rj(-) is an open segment of stability parameters. 


Now, fix a multi-Gieseker wall s £ (0,1) for g(-) associated to Sk and let so and si be 
points in ( 0 , 1 ) contained in adjacent chambers located immediately either side of this wall. 
So, to prove r)(-) is almost perfect with respect to Sk, it remains to prove 

M v(so) ( 7 - 10 ) 


7.2.3. Step 3. Consider a fixed s,so and si as above. The third, and final, stability segment 
that we need is built from the following elementary, but tedious, construction: 


Lemma 7.19. For sufficiently large A £ R and all b £ M>o, for r £ [0,1] there exist formal 
sums of line bundles D\{r ) and D 2 (r ) whose coefficients are linear in r and strictly positive 
for r £ (0, 1 ) such that the following hold: 

(1) rank(Hj(r)) = rank(Rj(s)) and c\{Dj(r)) = c\(Bj(s)) (and so in particular both are 
independent of r). 

(2) For i = 0,1 we have 

^ch 2{Dj{i)) = (\ + — —ci(Lj) 2 + ^ch 2 (R i (s)) 

j= 0 j=0 V rT/(,j 7 3=0 

(3) The quantity Ej=o Cl (Lj)ch. 2 (Dj( r )) is independent ofr. 

Here, we have extended the definition of Chern character linearly to formal sum of line 
bundles; so, if Aji are line bundles, ch(^T ajiAjf) := ajich(Aji) £ H*(X, M). In particular, 
rankQT)- ajiAjf) = aji as defined before. 
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Granted this, consider 

C(r) := {L Q ,Lr,D Q (r),Di(r)) for r € [0,1]. 

Lemma 7.20. 

(1) Sk detects the change of multi-Gieseker-stability for £(•), 

(2) £(■) is a bounded and uniform segment of stability parameters, and 

(3) for b £ R>o sufficiently large, £(0) = rj(so) and £(1) = rj(si). 

Lemma 7.21. For b £ M>o sufficiently large, £(•) is open, and thus perfect. 

Thus, by Theorem 2.6 the moduli spaces defined by the endpoints of f are related by a 
finite number of Thaddeus-flips through moduli spaces of sheaves. That is, 

M v(so) = -^C(o) AT C (i) = M, ? ( Sl y 

This proves (7.10), which in turn proves (7.8), which finally proves Theorem 7.1. 


7.3. Proofs of the lemmata. In this section, we prove Theorem 7.1 by establishing the 
lemmata stated in the previous section. The subsequent proofs involve Riemann-Roch com¬ 
putations that for convenience we state here. 

Suppose that 

v = (An Al; -So, Bi), 

where Bi is a formal sum of line bundles as in ( 1 . 2 ) (whose coefficients could depend on a 
parameter) and assume 

rank(Ro) voI(Lq) + rank(Ri) vol(Li) = 1 . 


Then, by Riemann-Roch, if E is a non-trivial torsion-free sheaf on our threefold X, the 
multiplicity of E is rf. = rank(Tl), and if F C E is a non-trivial subsheaf, then 

Pfce = {(A-i 11A- 2 11 A 3 )), 

where 

h± = hilbi(F, E). '^2 rank(.Bj)ci(Lj) 2 , 

h 2 = hilb 2 {F,E).^™nk(B j )c 1 (L j )+hi\bi(F,E).J2ci(L j )c 1 (B j ), (7.11) 

h 3 = hilb 3 (P, E). ^2 rank (Bfi + hilb 2 (F, E). ^ cfiBfi + hilbi(F, E). ^ ch 2 (Bj), 
the sums being over j = 0,1. 


Proof of Lemma 7.15. We have to show Sk detects the change of multi-Gieseker-stability for 
cr(-). By definition aft) = (Lq, Ly ao(t), a\(t)) = (Lq, Ly ao(t)Ox, &i(t)Ox)- Thus, as in 
(7.4), we must consider the curve class 

It = a 0 (t)ci(L 0 ) 2 + (Ti(t)ci(Li ) 2 for t £ [0,1], (7.12) 

Observe that since we assumed the line segment between p(Lf) and p(L\) lies completely 
within p(Cone*(RT)), we have that 7 1 £ p(Cone*(K)) for all t € [0,1]. 

Suppose that E is of topological type t and semistable with respect to aft) for some 
t £ [0,1]. Then, it is slope semistable with respect to 7 1 , so E £ S' K (as defined in (7.6)). 
Suppose F C E is saturated and /t 7 , (F) > pt ltl (E) for some t' £ [0,1]. Then, letting 
L' £ Cone* (77) be such that p(L') = 7 t i we have n L ' (F) > p, L ' (E). Thus, F £ Sk (as defined 
in (7.7)). Therefore, Sk detects the change in change of multi-Gieseker-stability for a(-) as 
claimed. □ 
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For later use, we record that if F C E, then by Riemann-Roch (7.11) 

pJSs = <(M*)IM*)IIMt)». P-13) 

where 

hi(t) = hilb i(F,E). VjWaiLj) 3 -*. (7.14) 


Proof of Lemma 7.18. We have to show (1) Sk detects the change of multi-Gieseker-stability 
for r/(-) and (2) For a £ N sufficiently large, r/(■) is an open segment of stability parameters. 

The proof of (1) is easy. We recall by definition, see (7.9), ij(s) = (Lq, L\\Bq(s), B\(s)), 
where 

aVj(t i) a<Tj(t o) 

Bj(s) = + (1 - s)lJ^). (7.15) 

Hence, 

rank(Rj(s)) = aj(t), 

c 1 (B j (s)) = a(scrj(ti) + (1 - s)a j (t 0 ))c 1 (L j ) 

= aaj{st\ + (1 - s)to)ci(Lj), (7-16) 

Ch 2 (Bj(s)) = (s<Tj(t i ) 2 + (1 - s)a j {t 0 ) 2 ) ci(Lj) 2 . 

Hence, to show Sk witnesses the change in multi-Gieseker-stability for r/(-) we are required 
to look at the curve class 

:= < 7 0 (f)ci(L 0 ) 2 + cri(t)ci(Li ) 2 

(which actually is independent of s). Now, just as in the proof of Lemma 7.15, in which 
we showed that Sk witnesses the change in multi-Gieseker-stability for cr(-), we have 7 ^ € 
p(Cone*(K )). Thus, exactly the same proof shows that Sk detects the change in multi- 
Gieseker-stability for rj(-). 

We now turn to proving that for a € N sufficiently large, rj(-) is an open segment of stability 
parameters. By Lemma 7.8 it is sufficient to show that for s > 0 sufficiently small, if E is 
torsion-free of topological type r and F C E is saturated with F £ Sk, we have 

Pfcb (-) 0 if and onl y if Pfce(-)° ( 7 - 17 ) 


and 

Pfc F j (<)0 if and only if pf^~ E s \<) 0 . 

We will prove the first of these, as the proof of the second is identical. Let F C E be saturated 
with F £ Sk and E torsion-free of topological type r. Then, using Riemann-Roch (7.11) we 


have 

Pfce = (MMs)|M.s)}), 

(7.18) 

where 

ui = hi(t), 

U 2 (s) = h 2 (t ) + ahi(sti + (1 - s)t 0 ), 

(7.19) 


U 3 {s) = h 3 (t) + ah 2 (sti + (1 - s)t 0 ) + a 2 e(s), 
with hi(-) defined as in (7.14) and 


e( S ) := ^ hilbx(F, E). 


S(Tj(ti) + (1 - s)aj(t 0 ) 2 ^ fT 

- 7T\ - c U L jJ • 

3 


We claim that for i = 1,2,3 we either have tq(s) = 0 for all s £ [0,1] or rq(0) 7 ^ 0. Observe 
that this claim proves (7.17) (and thus completes the proof of the lemma), since we can take 






SEMI-CONTINUITY OF STABILITY FOR SHEAVES 


33 


s > 0 sufficiently small so there are no roots of Ui in [0, s] for all (non-trivial) such 7/j, and 
then (7.17) follows from the definition of ordering of polynomials in terms of the lexicographic 
order on the coefficients. 

Now the claim is clear for u\ as it is independent of s. For 7 / 2 , notice that if 7 / 2 ( 0 ) = 0, 
then / 12 (f) + ahi(to) = 0. So, as a can be chosen arbitrarily large, this implies hi (to) = 0 and 
/ 12 (f) = 0. However, to was chosen to be a point in an open chamber for cr(-), so h\ (to) = 0 
implies h\ = 0. Looking back at the expression (7.19) for 1 / 2 , we then conclude that 7/2 is 
actually independent of s, which proves the claim for u 2 . 

A similar argument works for 7/3. Suppose that 

0 = 7 / 3 ( 0 ) = /13(f) + ah 2 (to) + a 2 e( 0 ). 


Then, as a can be chosen arbitrarily large, we must have e(0) = 0, which means 


0 = hilbi (F,E) 


(1 — to) 2 


■YtCi(Lo ) 2 + 


_ vol(Lo)(l — t) vol(Li)f 

Think of this as a quadratic polynomial in to, whose linear term is 


=ci(Ia)' 


vol(L 0 )(l - t) 


hilbi (F,E) Cl (L 0 f 


Then, by the assumption that Lo does not lie on any wall in VVk, either hilbi (F, E)c\ (L) 2 = 0 
for all L £ Amp(A)u (in which case e(-) = 0), or this linear term is non-trivial, and so e(0) 
is non-constant in to- Thus, as to was assumed to be a general point in the open chamber 
adjacent to f, we may as well assume it was chosen so e(0) / 0, which is absurd. Moreover, 
as there are only a finite number of topological types among all the sheaves F C E under 
consideration, due to boundedness of Sk, we can make such a choice uniformly over all such 
pairs. 

Thus, we must in fact have e = 0. So, looking back at the expression for 7/3, the assumption 
7 / 3 ( 0 ) = 0 is 0 = // 3 (f) + a /12 (to) and hence / 12 (to) = 0 as a is assumed to be arbitrarily large. 
As to is general in the open chamber, this implies / 12 (f) = 0 for all t £ [0,1], at which point 
one observes 113 is also independent of s, which proves the claim for 7/3. □ 


Proof of Lemma 1.11. We shall show that 77 (0) = <r(to) (the other statement being proved 
similarly). We first establish the following 

Claim: It is sufficient to prove that if E is of topological type r and F C E is saturated with 
F £ Sk, then 

p£c°2(-)° if and only if P^fce^-) 0 - ( 7 - 2 °) 


We have seen essentially this argument before: Assume (7.20) holds and suppose that E 
is (semi)stable with respect to < 7 (to). Then, it is slope semistable with respect to 7 1 0 (7.12), 
and so E £ S'k- We wish to show that E is (semi)stable with respect to 77 ( 0 ). So, suppose 
there exists a saturated subsheaf F C E such that p \> 0. Then, F £ Sk since Sk detects 

the change in multi-Gieseker-stability for r/(-). Hence, by condition (7.20) we have P^k > 0, 
which is a contradiction. The converse is proved similarly. 

So, we proceed to prove (7.20) for any such sheaves F and E. From (7.13), (7.18), (7.19) 
we have 

H(M‘o)IMio)IIMto)», 
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and 

Pfce = «ui|M0)||u 3 (0)» 

= ((hi(t)\\h 2 (t) + ahi(to)\\hs (f) + ah 2 (t 0 ) + hilbi(F, E) ■ e)), 

where hj (■) is as in (7.14), and e is a linear combination of ci(Lo ) 2 and ci(Li) 2 . 

Assume p r E ^ E (<)0 and we shall show that Pp^ E (<) 0. If h\(t) < 0 , then hi(to) < 0 , since 
we are assuming that to lies in an open chamber immediately adjacent to t. Thus, we also have 
Pfce (—)0 i n this case. If h\ (t) = 0 and h 2 (t ) + ahi(to) < 0, then by making a sufficiently 
large we get either hi (to) < 0 , in which case we are done, or hi (to) = 0 and h 2 (t) < 0 , 
in which case hi = 0 and h 2 (t) < 0. But then h 2 (to) < 0, since to lies in an open chamber 
immediately adjacent to f, and we are done again. So, assume now that hi = 0, h 2 = 0. Then, 
hilbi(T, E).e = 0 as well and the implication follows from the fact that / 13 (f) has constant 
sign on [ 0 , 1 ]. 

For the converse, if hi (to) < 0, then hi(t) < 0 since t lies in the closure of the chamber 
containing to, and / 12 (f) + ahi(fo)(<)0 for sufficiently large a. If hi (to) = 0. then hi = 0, 
as to is in an open chamber, which in turn implies hilbi(.F, E).e = 0. We deal now with the 
conditions h 2 (to) < 0 and h 2 (to) = 0 in the same way we have dealt with hi (to) < 0 and 
hi (t 0 ) = 0. Observe that the size of a needed depends only on the topological type of F. and 
since there are only finitely many types of F under consideration we can pick such an integer 
a uniformly. □ 

Remark 7.22. The previous two proofs can be simplified at a cost of making the stability 
segment more complicated. More precisely, if we arrange for the Bj(s) to have the same rank 
and first Chern class as before, but with ch 2 (Bj) = A (Jj(t) for some A £ K. Then e = Ahi(t) 
(so in particular is constant in s). We leave it as an exercise to the reader to prove that one 
can construct such Bj(s) of the form i< 7 j(t) for suitable a^- £ Z. We have chosen 

to use the simpler stability segment as we consider it more natural. 

Our next task is to construct the necessary twisting for the stability segment £(•). 

Lemma 7.23. Let A, fi £ M>o and A be a line bundle. Then, there exists a formal sum B 
of line bundles with positive coefficients such that rank(R) = A, ci(.B) = 0 and ch 2 (B) = 
pci(A) 2 . 

Proof. Let a := pn~ 2 , where n is an integer large enough so a < A/2. Then, 

B := a(A n + A~ n ) + (A - 2 a)O x 

has the desired properties. □ 

Corollary 7.24. Let Lq and Li be line bundles and ao,oi £ M>o- Then, there exists a formal 
sum C of line bundles with positive coefficients such that rank(C') = l, ci(C) = 0 , and 

ch 2 (C) = V' a k ci(L k ) 2 . 

z —'/c=0 

Proof. Apply the previous lemma twice to get C k with rank(Cfc) = 1 / 2 , ci(C k ) = 0, and 
ch 2 (Cfc) = a k ci(L k ) 2 . Then, set C ■.= C\ + C 2 . □ 

Lemma 7.25. Let qji £ M for j, i = 0,1 and ro, ri € M>o- Suppose also Cji £ R with cok c \k 
for k £ {0,1}. Then, for A>0 and all b > 0, there exist ctji k £ R>o such that 

T fjctjik = r k b(X + qki) for i, k = 0,1 

roCok(®oik — «oofc) = r icik(otiok — auk) f° r k = 0 , 1 . 


(7.21) 

(7.22) 
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Proof. The equations for k = 0 and k = 1 separate, so it is sufficient to prove the claim for 
k = 0. By linear trivialities, since coo A cio, there certainly exist /3 J? ; £ M with 

roPoo + r iPw = r o^oo 
mAn + nAn = mgoi 
B)Coo(A)i — Aoo) = cion(/3io — An)- 

Now, let aoio = &(A)i + A/2) and aqjo = &(/3n + Aro/2ri) for i = 0,1 which are positive as 
long as A is sufficiently large. □ 


Proof of Lemma 7.19. Set rj := rank (Bj(s)) = &j(t) and 


9ji — 


a(si 


s)((rj(h) 

(Tj(t) 




Then, recall we are to find Dj(r) such that 

(1) rank (Dj(r)) = rj and c\{Dj(r)) = c\{Bjfs)). 

(2) For i = 0,1, we have 


Yj ch 2(^iW) = r ^ A + 9ii)ci(Tj) 2 + ch 2(^( s ))- 

(3) The quantity )TL ci(Lj)ch 2 (Z)j(r)) is independent of r. 

To do this, let Cjfc = f x ci(Lj)ci(Lfc) 2 . Then, our assumption (7.5) says that cok A c\k for 
k = 0,1. So, we can apply Lemma 7.25 to get otjik > 0 for i,j,k £ {0,1} that satisfy (7.21) 
and (7.22). From Corollary 7.24 there exist formal sums of line bundles Cjj with positive 
coefficients, such that rank(Cjj) = 1 and c\ (Cjf) = 0 and 


ch 2 (Cji) = a.jioCi(L 0 ) 2 + ajjiCi(Ti) 2 = Y^k ayifcCi(Lfc ) 2 ■ 


Setting 


Dj(r) := Bj(s) <g> ((1 - r)C j0 + rCji), 


one sees immediately that property (1) holds. For (2), we compute 


(7.23) 


Yj ch 2 (-Dj(0)) = £ . ch 2 (BjCs) ® C j0 ) 

= Yj r i ch 2 (C' j0 ) + ch 2 (Sj(s)) 

= Yj r j( a J 00 Ci(L 0 ) 2 + atjoiCi(Li) 2 ) + Y . ch 2 (.B,-(s). 

With (7.21) this yields property (2) when i = 0 (and the computation for i = 1 is the same). 
Finally, 

Yj c i( L j) ch 2 (T>j(r)) = Yj (ch 2 (5j(s)) + r,-((l - r)ch 2 {C j0 ) + rch 2 (C i i))) 

= r Yj rjCi(Lj).(di 2 (Cji) - ch 2 ((7jo)) + e, 

where e is independent of r. But using (7.23) and (7.21), 

y'.^ci(Lj).(ch 2 (C'ji) - ch 2 (Cj- 0 )) = V]. y'Ti(«jifc - a jOk) c jk = 0, 

J & 3 

which gives property (3). □ 
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Proof of Lemma 7.20. We have to show that (1) Sk detects the change in multi-Gieseker 
stability for £(•), (2) £(•) is a bounded and uniform segment of stability parameters and (3) 
for b £ R>o sufficiently large, £( 0 ) = rj(so) and £( 1 ) = rj(si). 

We recall that by construction £(r) = (Lo, L\\Dq{t), D\(r)) for r £ [0,1], where 

i&nk(Dj(r)) = rank(Sj(s)) = rj and c\(Dj(r)) = c\(Bj(s )) (7.24) 

In particular, 

vol(Lo)rank(L>o(r-)) + vol(Li)rank(Z?i(r)) = vol(Lo) r ank(i?o(s)) + vol(Li)rank(Ri(s)) = 1 , 
so Q(r) is in fact a stability segment. 

Clearly, £(•) is bounded as any sheaf that is semistable with respect to £(r) for some 
r £ [0,1] is slope semistable with respect to Moreover, from this (1) follows in the same 
way as in the proof of Lemma 7.18. We next show that £(•) is uniform. To see this, let E be 
torsion-free, so by Riemann-Roch 

Pg'\k) = rank(F )& 3 + a\k 2 + a 2 k + 03 

with 

a\ = ci(Lj) 2 .{rj Hilbi (E) + ra.nk(E)ci(Dj(r)) 

a 2 = ^2 . ci(Lj). [rj Hilb 2 (F) + rank(F)ch 2 (£>,,■ (r) + c\{E)c\(Dj{r)) 

+ rank(£i)ci(D i (r))Toddi(X)]. 

Now, by (7.24) we see rj = <Jk(t) and c\(Dj(r)) are independent of r, and so a± is independent 
of r. Moreover, by Lemma 7.19(3) the quantity Ylj ci(Lj)ch 2 (.Dj(r)) is also independent of 
r, and hence so is a 2 . Thus, the only term that depends non-trivially on r is 03 , and thus £(■) 
is uniform, proving ( 2 ). 

We now prove (3) by showing £(0) = 77 ( 50 ) for b 3> 0 (the other endpoint being similar). 
Exactly as in the claim at the start of the proof of Lemma 7.17, it is sufficient to prove that 
if E is torsion-free of topological type r, and F C E is saturated with F £ Sk it holds that 

Pfc° 2(-)° if and onl 7 if Pfce(^)°- ( 7 - 25 ) 

To prove this, with Ui(s) defined as in (7.19) one computes using Riemann-Roch (7.11) that 
if F C E, then 

Pfce = ((“ill« 2 (s)||u 3 (s) + 6(r))), (7.26) 

where 

S(r) = ^ rank (Bj(s)) hilbi(F, E).[( 1 — r)ch. 2 (Cj 0 ) + rch. 2 (Cji)\. 

After some manipulation with (7.19) and (7.23), we in fact have 

5(r) = b[\ui + (1 - r)u 2 (s 0 ) + ru 2 (sf) - « 2 (s)]. (7.27) 

Thus, in particular 

Pfce = ((wi||u 2 (s)||u 3 (s) + b(u 2 (s 0 ) - u 2 (s) - A m))). 

Now, clearly p^ E (<)0 if and only if 

«ui||w 2 (s)||m 3 (s) + b(u 2 (s 0 ) - u 2 (s)))(<)0, 
which in turn occurs if and only if 

((ixi||u 2 (s)||rt 3 (s) + bu 2 (s 0 )))(<) 0. 


(7.28) 
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Final Claim: For b sufficiently large, the inequality (7.28) holds if and only if 


(MMso)IMso)))(<)0. 


The argument for this is similar to what has been done before, cf. the proof of Lemma 7.17. 
Assume (7.28) holds. Then, u\ < 0. If this is strict we are done. So, we may assume u\ = 0, 
and thus 1 x 2 ( 5 ) < 0. If this inequality is strict, then as so is in an adjacent chamber to s we 
have U 2 {so) < 0 and we are done. Otherwise 1 x 2 ( 5 ) = 0 and 1 x 3 ( 5 ) + 6112 ( 50 ) <0. As b is large, 
this implies xx 2 (so) < 0. Again, if this is strict, we are done. Otherwise 

?x 2 (so) = 0 and rt3(s)(<)0. (7.29) 

By Lemma 7.26 below, the first of these statements gives hilbi(F 1 , E)ci(Lj) 2 = 0 and also 
hilb 2 (F,E)ci(Lj) = 0 for j = 0,1. Hence, from (7.19), (7.11), and (7.16) we actually have 
us(s) = / 13 (f), which is independent of s. Consequently, from the second statement in (7.29) 
we deduce ri 3 (so )(<)0 as well, proving one direction of the claim. 

For the converse, assume ((rii||u 2 (so)||ii 3 (so))) < 0. Then, u\ < 0, and if strict inequality 
holds we are done. Otherwise, u\ = 0 and u 2 (so) < 0, and so 1 x 2 ( 5 ) < 0 by continuity. If strict 
inequality holds, then 112 ( 50 ) < 0 as well, since so is in an adjacent chamber, and we are done. 
So, we may assume 1 x 2 ( 5 ) = 0. We divide into two cases. In the first case it 2 (so) = 0. Then, 
113 ( 50 )(<)0 and hence by continuity 113 ( 5)(<)0 (the case of equality here uses that so lies in 
an open chamber, so 113 ( 50 ) = 0 implies ii 3 (-) = 0). In the second case 1 x 2 ( 50 ) < 0- But for 
b large this implies 1 x 3 ( 5 ) + 61 x 2 (so) < 0, and we are done here as well. This proves the Final 
Claim, and hence concludes the proof of Lemma 7.20. □ 

Lemma 7.26. Let E be of topological type r and F E Sk■ With m defined as in (7.19), 
suppose that u\ = 0 and 1 x 2 ( 50 ) = 0. Then, 1 x 2 = 0, hilbi(i ? , E)ci(Lj) 2 = 0, and 

hilb 2 (F, E)c\ (Lf) = 0 

for j = 0, 1 . 

Proof. As so is in an open chamber, the second assumption implies ix 2 = 0. But looking 
back at (7.19) this implies h± = 0, which gives hilbi(F, E)c\ (Lj) 2 = 0 for j = 0,1 by (7.14). 
Looking again at (7.19) the fact that u 2 = 0 now implies / 12 (f) = 0. But by the assumption 
that Lq and L\ are separated by a single wall of the first kind (and not by any walls of the 
second kind) this is impossible unless hilb 2 (i ? , E)ci(Lj) = 0 for j = 0,1 as well. □ 

Remark 7.27. We mention again that it is the proof of Lemma 7.26 where the assumption 
on the two line bundles Lq and L\ being separated by a single wall of the first kind is used. 

Proof of Lemma 7.21. We end this ordeal by proving that for b sufficiently large £(•) is open. 
As Sk detects the change of stability for £(•), by Lemma 7.8 it is sufficient to prove that for 
r sufficiently small, if E is torsion-free of type r and F C E is saturated with F E Sk, then 

Pp%{<)0 if and only if p ^ ) E (<)0 

and 

Pf^ e {<)0 if and only if p^( £; r) (<) 0 . 

We will prove the first of these, the second being proved in precisely the same way. So let E 
and F be such sheaves. Recall from (7.26), (7.27) that 

Pfce = (MMs)IM«) + &(r))) 
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with 

<5 (r) = b[Xui + (1 — r)u 2 (s 0 ) + rit 2 (si) - « 2 (s)]. 

Since u\ and u 2 (s) are independent of r, it is sufficient to show the following: if u\ = u 2 (s) = 0 
and 113 ( 5 ) + <5(0) = 0 , then u 3 (s) + <5(-) = 0 . 

So, assume u\ = u 2 (s) = 0 = u 3 (s) + (5(0). Then, the first equality implies (5(0) = bu 2 (so), 
and so 

0 = u 3 (s) + bu 2 (s 0 ). 

Since b is arbitrarily large, this implies u 2 (sq) = 0. Hence, the linear function s i—j u 2 (s) 
vanishes at the two distinct points s = s and s = sq, and thus u 2 (s) = 0 for all s E [0,1]. In 
particular, u 2 {s i) = 0 , and so the expression u 3 (s) + 6(r) is actually independent of r, which 
completes the proof. □ 

Remark 7.28. As £(■) is uniform, not only is it almost perfect but in fact is perfect (that is, 
the moduli spaces that appear on the walls with respect to C(r) for r E [0,1] are also related 
to the moduli spaces of the endpoints by Thaddeus-flips through moduli spaces of sheaves). 
With notation above, choose r E (0,1) so (1 — r)so + rsi = s. Then using linearity of u 2 one 
sees easily from (7.27) that r](s ) = £(r). Thus r/(-) is also perfect. It does not seem to be 
the case that the segment a(-) is also perfect; the same approach fails due to the additional 
e(s) term appearing in u 3 (-) (7.19). However if one instead uses the twisting as mentioned 
in Remark 7.22 this e(-) term vanishes, and one can show that if (1 — s)t o + st i = t then 
rj(s) = cr(f), and so this new cr(-) is also perfect. 

Remark 7.29. It seems likely that the above ideas can be extended to prove that, on a 
threefold at least, if L = (L\,..., Lj 0 ) is fixed, then for any points a, a' E (Q +)- 70 we have 
M. a M. a ’■ If this were the case, then using the openness part of [ RT, Proposition 11.4], 
one concludes that for any two oji,uj 2 E Amp(X)i the (projective) moduli spaces and 
M. U2 are related by Thaddeus-flips through moduli spaces of sheaves. 
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